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ABSTRACT
A s tu d y  is  m ade o f  p o la r iz e d  d e u te ro n  e la s t ic  s c a t te r in g  from  
^^Ni an d  ^^C a a t  th e  in te rm e d ia te  e n e rg ie s  o f  400 an d  700 MeV. A 
th re e -b o d y  fo rm alism , b a s e d  on th e  S in g le  F o ld in g  M odel, is  u se d  fo r  
tw o s e ts  o f D irac  n u c le o n  o p t ic a l  p o te n t ia l  p a ra m e te rs . B oth  p o te n t ia l s  
a re  d e s ig n e d  to  f i t  th e  p ro to n  e la s t ic  s c a t te r in g  o b s e rv a b le s  a t  h a l f  
th e  in c id e n t  d e u te ro n  en erg y . The tw o p o te n t ia ls  g iv e  d i f f e r e n t  p r e d ic ­
t io n s  fo r  th e  d e u te ro n  s c a t te r in g  o b s e rv a b le s  w hen u se d  in  th e  
S ch ro  d in g e r  e q u a t io n  w ith  r e l a t i v i s t i c  k in e m a tic s . Good q u a l i ta t iv e  
ag reem en t w ith  th e  e x p e r im e n ta l o b s e rv a b le s  is  o b ta in e d  in  b o th  c a s e s  
f o r  d e u te ro n  e la s t ic  c ro s s - s e c t io n ,  v e c to r  (A^.) and  te n s o r  (A^^.) a n a ly z ­
ing  pow er d a ta  o f th e  S ac lay  g ro u p .
Q u a n ti ta t iv e  d is c re p a n c ie s  be tw een  th e o ry  an d  d a ta , p a r t i c u la r ly  
in  Ayy, su g g e s t m echan ism s m iss in g  from  th e  s im p le  th re e -b o d y  m odel. 
To th i s  end, tw o so u rc e s  o f  s p in -d e p e n d e n t e f f e c ts ,  P a u li-b lo c k in g  and  
b re a k u p  o f th e  d e u te ro n  to  s p in - s in g le t  in te rm e d ia te  s ta t e s ,  a re  s t u ­
d ied .
The ro le  o f th e  s p in -d e p e n d e n c e  a s s o c ia te d  w ith  P a u li-b lo c k in g  is  
s tu d ie d  q u a n t i ta t iv e ly  f o r  th e  d -^^ N i system . The m ag n itu d e  o f th e  
m om en tum -dependen t Tp te n s o r  in te r a c t io n ,  is  show n to  p a s s  th ro u g h  a 
lo c a l maximum in  th e  re g io n  o f  400 MeV in c id e n t  d e u te ro n  energy . 
C om parison  o f n u m e ric a l c a lc u la t io n s  w ith  th e  a v a i la b le  e x p e r im e n ta l 
d a ta  a t  th i s  e n e rg y  show s th e  P a u li m echanism  n o t  to  be  re s p o n s ib le  
fo r  o u ts ta n d in g  d is c re p a n c ie s  b e tw ee n  th e o ry  and  d a ta .
B reakup  e f f e c ts  on th e  e la s t ic  am p litu d e  a re  s tu d ie d  w ith in  a 
tw o -s te p  c a lc u la tio n , u s in g  tw o s e p a ra te  h ig h  en e rg y  m e thods. The
f i r s t  n e g le c ts  d i s to r t io n  in  th e  in i t i a l ,  f in a l  an d  in te rm e d ia te  s ta t e s .  
Use is  m ade o f th e  A d ia b a tic  a p p ro x im a tio n , w h ich  a llo w s c lo s u re  o v e r  
th e  in te rm e d ia te  b re a k u p  s t a t e s .  The e f f e c t  on th e  e la s t ic  a m p litu d e  
due  to  b re a k u p  to  b o th  t r i p l e t  an d  s in g le t  in te rm e d ia te  sp in  s t a t e s  a re  
c a lc u la te d . The in c lu s io n  o f  s p in - s in g le t  b re a k u p  in  th e  m odel h a s  a 
v e ry  la rg e  e f f e c t  on A ^^, co m p ared  w ith  t h a t  o f  s p in - t r i p l e t  b re a k u p . 
T h is  is  a t t r ib u t e d  to  a  la rg e  c o n t r ib u t io n  from  a T j^ -lik e  te n s o r  
in te r a c t io n  in  th e  ca se  o f  s in g le t  b re a k u p , w h ich  i s  n e g lig ib ly  sm a ll in  
th e  t r i p l e t  case .
Second o rd e r  b re a k u p  e f f e c t s  a r e  a lso  c a lc u la te d  in  G lau b e r 
th e o ry , u s in g  c e n t r a l  p o te n t ia l s .  G o n tin u u m -co n tin u u m  co u p lin g  e f f e c ts  
a re  fo u n d  to  be  n e g lig ib le  a t  in te rm e d ia te  e n e rg ie s , and  th u s  th e  tw o - 
s te p  c a lc u la t io n  is  a d e q u a te . G la u b e r th e o ry  show s, ho w ev er, t h a t  d i s ­
to r t io n  e f f e c ts  a r e  im p o r ta n t  a t  th e s e  e n e rg ie s , an d  su g g e s ts  th e  n eed  
fo r  a  m ore a c c u ra te  t r e a tm e n t  o f s p in - s in g le t  b re a k u p  e f fe c ts  in  
f u tu r e  c a lc u la t io n s .
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CHAPTER 1
INTRODUCTION
The a c c u ra te  q u an tu m  d e s c r ip t io n  o f  d e u te ro n  e la s t ic  s c a t te r in g  
rem a in s  an  im p o r ta n t  th em e o f  n u c le a r  r e a c t io n  th e o ry  b e in g  th e  
s c a t te r in g  o f th e  s im p le s t c o m p o site  p ro je c ti le .  In  p a r t i c u la r ,  th e .  
s c a t te r in g  o f p o la r iz e d  d o u te ro n s  h a s  p ro v e d  to  b e  a  p o w e rfu l m ethod  
o f s tu d y in g  th e  s p in -d e p e n d e n t p r o p e r t i e s  o f th e  r e a c tio n .  E x te n s iv e  
p o la r iz a t io n  d a ta  h a v e  b een  m e a su re d   ^ f o r  d e u te ro n  e la s t ic  s c a t te r in g  
a t  e n e rg ie s  up  to  80 MeV. In  c o n t r a s t ,  th e re  h a s  n o t  b een  u n t i l  
re c e n t ly  any  a c c u ra te  d a ta  a t  in te rm e d ia te  e n e rg ie s  (200 -  1000 MeV).
The s c a t te r in g  a t  lo w e r e n e rg ie s  (below  100 MeV) h a s  b een  
a n a ly se d  u s in g  a  th re e -b o d y  m odel co m p ris in g  th e  d e u te ro n 's  c o n s t i ­
tu e n t  p ro to n  an d  n e u tro n  p lu s  th e  t a r g e t  n u c le u s . The fo rm alism
in v o lv e s  o b ta in in g  a  d e u te r o n - ta r g e t  p o te n t ia l  u s in g  th e  S in g le  F o ld in g  
2Model (SFM) in  w h ich  th e  o p t ic a l  p o te n t ia l s  o f  th e  p ro to n  an d  th e  
n e u tro n  a re  fo ld e d  in to  th e  d e u te ro n  g ro u n d  s t a t e  w a v e fu n c tio n . When 
th i s  m odel w as u n a b le  to  r e p ro d u c e  in  d e ta i l  th e  e x p e r im e n ta l d a ta  th e  
s i tu a t io n  w as im p ro v ed   ^  ^ by  th e  in t ro d u c t io n  o f d e u te ro n  b re a k u p  
in to  th e  m odel. Such  p ro c e s s e s  a re  e x p e c te d  to  be  im p o r ta n t b e c a u se  
th e  d e u te ro n  is  w eak ly  b o und .
R ecen tly , h ig h  a c c u ra c y  in te rm e d ia te  e n e rg y  e la s t ic  s c a t te r in g  
7 8d a ta  ’ f o r  p o la r iz e d  d e u te ro n s  from  m edium m ass t a r g e t  n u c le i  h a v e  
b een  p ro v id e d  by th e  S ac lay  g ro u p  a t  th e  S a tu rn e -2  sy n c h ro tro n . T hey 
m easu red  th e  a n g u la r  d i s t r i b u t io n s  o f  th e  c r o s s - s e c t io n  an d  a n a ly s in g
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po w ers  f o r  a  t a r g e t  a t  200, 400 an d  700 MeV, an d  fo r  ^^C a a t  700
MeV. T hese  d a ta  h ig h l ig h t  th e  n eed  f o r  th e o re t ic a l  m odels o f th e  
s c a t te r in g  a p p ro p r ia te  a t  in te rm e d ia te  e n e rg ie s .
G iven th e  r e c e n t  su c c e s s  ^ o f  r e l a t i v i s t i c  dynam ica l d e s c r ip ­
t io n s  o f - p ro to n -n u c le u s  s c a t te r in g  th ro u g h  th e  D irac  e q u a tio n
(w hich  w ill be  d is c u s s e d  m ore fu l ly  in  th e  n e x t  c h a p te r ) ,  i t  i s  h a rd ly
in  iR -o ?s u rp r is in g  th a t  s e v e ra l  g ro u p s  “ h a v e  a t te m p te d  to  e x te n d  i t s
a p p l ic a t io n  to  d e u te ro n -n u c le u s  s c a t te r in g .  In  th e  p ro to n  ca se , how ­
ev e r, th e  D irac  e q u a t io n  is  u n iq u e , b e in g  th e  s im p le s t e q u a tio n  a v a i l ­
a b le  in  th e  p o in t  p a r t i c le  a p p ro x im a tio n . F o r th e  d e u te ro n  th e r e  is  a
ch o ice  to  be m ade b e tw ee n  d i f f e r e n t  r e l a t iv i s t i c  s p in -o n e  w ave e q u a -
15tio n s .  S h ep ard , R o st an d  M urdock  a tte m p te d  to  t r e a t  th e  r e l a t i v i s t i c  
3-body  sy stem  u s in g  th e  B re it  e q u a t io n  fo r  tw o D irac  p a r t i c le s ,  an d  
assum ing  th e  d e u te ro n  to  be a  p o in t  p a r t ic le .  S a n to s  and  c o l la b o ra ­
to r s  h a v e  s tu d ie d  th e  a p p l ic a t io n  o f  th e  B e th e -S a lp e te r , P ro c a  
(w hich  is  u se d  fo r  th e  W bo so n ), an d  W einberg e q u a t io n s  ( th e  n a tu r a l  
e x te n s io n  o f th e  D irac  e q u a t io n  to  a sp in -o n e  sy stem ). A ll th e s e  s t u ­
d ie s  w ere  h o w ev er p h en o m en o lo g ic a l, in  th e  se n s e  t h a t  p a ra m e te rs  w ere
v a r ie d  to  f i t  th e  d e u te ro n -n u c le u s  d a ta . A n o th e r a p p ro a c h , b a se d  on
17-19th e  sp in -o n e  K em m er-D u ffin -P e tiau  (KDP) e q u a t io n  , h a s  b een  s tu -
20d ie d  by  Kozack e t  a l  . T hey o b ta in  d e u te ro n -n u c le u s  o p t ic a l  p o te n ­
t i a l s  in  c lo se  ag ree m en t w ith  th o s e  o b ta in e d  by  th e  K yushu g ro u p  
who a p p ly  th e  SFM u s in g  th e  D irac  o p tic a l  m odel f o r  th e  n u c le o n -  
n u c le u s  p o te n t ia l s .  K ozack e t  a l  c a lc u la te  e f f e c t iv e  KDP c e n t r a l  and  
s p in - o r b i t  p o te n t ia l s  w h ich  a re  th e n  u se d  in  th e  S c h ro  d in g e r  e q u a t io n  
w ith  r e l a t iv i s t i c  k in e m a tic s . The KDP c a lc u la t io n , in  c o n t r a s t  w ith  th e  
o th e r  r e l a t i v i s t i c  a p p ro a c h e s  m en tio n ed  ab o v e , is  p a ra m e te r - f r e e  in  th e
-3 -
se n se  t h a t  once th e  n u c le o n -n u c le u s  o p tic a l  p o te n t ia l s  h av e  been  
s p e c if ie d  by f i t t i n g  p ro to n -n u c le u s  d a ta , no o th e r  p a ra m e te rs  a re  
v a r ie d .
A c e n t r a l  c r i t ic is m  o f a l l  th e  r e l a t iv i s t i c  w ave e q u a t io n s  is  th e  
e x te n t  o f t h e i r  v a l id i ty  f o r  co m p o site  p a r t ic le s  su c h  a s  th e  d e u te ro n , 
s in c e  th e y  a l l  assum e a  p o in t  p a r t i c le  and  h en ce  do n o t d e s c r ib e  th e  
th re e -b o d y  dynam ics c o r re c t ly .  The d is c re p a n c ie s  b e tw ee n  th e  t h e o r e t i ­
c a l o b s e rv a b le s  and  th e  d a ta  in  th e  r e l a t iv i s t i c  m odels fo r  d e u te ro n  
e la s t ic  s c a t te r in g  a re  ack n o w led g ed  to  be  due  to  m iss in g  c o n t r ib u t io n s  
due  to  d e u te ro n  b re a k u p .
A n o th e r a p p ro a c h  w o rth  m en tio n in g , b a se d  on th e  n o n - r e la t iv i s t i c
21m u ltip le  s c a t te r in g  fo rm alism  o f  W atson an d  Kerm an, McManus, an d
22 12 23T h a le r  (KMT), an d  i t s  D irac  e q u a tio n  g e n e ra liz a tio n  ’ , h a s  b een
s tu d ie d  by Ray In  th i s  fo rm alism , a d e u te ro n -n u c le u s  o p tic a l  p o te n ­
t i a l  i s  c o n s tru c te d  to  seco n d  o rd e r  in  th e  n u c le o n -n u c le o n  e f fe c t iv e  
in te r a c t io n  T -m a trix  an d  is  o rg a n iz e d  in  su c h  a  w ay th a t  th e  u s u a l  
SFM p o te n t ia l  a p p e a rs  as  th e  le a d in g  te rm . C o rre c t io n s  to  th e  fo ld in g  
p o te n t ia l  a re  th e n  id e n t i f i e d  w h ich  a r is e  from  d e u te ro n -n u c le u s  d o u b le  
s c a t te r in g  e f fe c ts ,  th e  d e u te ro n  D -s ta te ,  v i r t u a l  d e u te ro n  b re a k u p , 
a d d i t io n a l  n u c le a r  m edium an d  ta r g e t  n u c leo n  c o r r e la t io n  e f f e c ts  and  
r e la t iv i s t i c  p ro c e s s e s . A c r i t ic ism  o f th i s  s tu d y  is  t h a t  th e  a u th o r  
w rong ly  assum es t h a t  d e u te ro n  b re a k u p  e f fe c ts  in  e x c ite d  s ta t e s  o f th e  
ta r g e t  a re  n o t  in c lu d e d  in  th e  s ta n d a rd  n u c le o n -n u c le u s  o p tic a l  
m odel.^“'*^^ The o b s e rv a b le s  o b ta in e d  in  t h a t  s tu d y , f o r  d e u te ro n  
s c a t te r in g  from  ^^N i an d  ^^C a a t  700 MeV, show  la rg e  d is c re p a n c ie s  
w ith  th e  te n s o r  an a ly z in g  p o w er (A^^) d a ta  o f th e  S ac lay  g roup .
~4“
I t  a p p e a rs  n e c e s s a ry  th e r e f o r e  t h a t  d e u te ro n  s c a t te r in g  a t  i n t e r ­
m e d ia te  e n e rg ie s  sh o u ld  be  t r e a te d  w ith in  a th re e -b o d y  m odel. I t  is
2 7w ell know n th a t  th e  F a d d e e v  m e th o d  p ro v id e s  f o r  an  e x a c t s o lu t io n  
o f  th e  th re e -b o d y  p rob lem , S uch  a  te c h n iq u e  is  n o t  a p p lic a b le  in  th e  
p r e s e n t  c o n te x t  w h ere  th e  n u c le o n  o p tic a l  p o te n t ia l s  a re  lo c a l an d  
com plex, and  due  to  th e  p r o h ib i t iv e  num ber o f  p a r t i a l  w aves (-70) 
r e q u ir e d  a t  in te rm e d ia te  e n e rg ie s .
The fo ld in g  m odel f o r  th e  d e u te ro n -n u c le u s  in te r a c t io n  is  e s s e n ­
t i a l l y  an  a p p ro x im a tio n  to  d e s c r ib e  th e  th re e -b o d y  p ro b lem  an d  as  
su c h  i t s  f u l l  r e l a t i v i s t i c  d e s c r ip t io n  is  co m p lica ted  an d  a t  p r e s e n t  
unknow n. A t in te rm e d ia te  e n e rg ie s ,  th e  d e ta i ls  o f  th e  d e u te ro n  i n t e r ­
n a l w a v e fu n c tio n  te n d  to  be  le s s  im p o r ta n t th a n  a t  lo w er e n e rg ie s
b e c a u se  th e  d e u te ro n 's  a v e ra g e  in te r n a l  k in e t ic  en e rg y  ( -25 MeV ) is
2 8v e ry  sm all com pared  w ith  th e  e n e rg ie s  o f th e  in d iv id u a l  n u c le o n s .
V ir tu a l b re a k u p  e f f e c ts  a re  l ik e ly  to  becom e le s s  s ig n if ic a n t  a s  th e  
10 28en erg y  in c re a s e s  - - and  th e  SFM is  e x p e c te d  to  be a  re a s o n a b le
s ta r t in g  p o in t  from  w h ich  to  p ro c e e d .
29Kameyama an d  Y ah iro  h a v e  ta k e n  th e  fo rm alism  a  s te p  f u r th e r
an d  d e sc r ib e d  th e  dynam ics in  a  r e la t iv i s t i c a l ly  c o v a r ie n t  form  to  
2o rd e r  1 /c  (w here  c is  th e  v e lo c i ty  o f l ig h t)  u s in g  th e  m ethod  o f F o ldy  
an d  K ra jc ik  and  F r ia r  (FKF). The r e s u l t a n t  th re e -b o d y  m odel
H am ilto n ian  d e s c r ib e s  r e l a t i v i s t i c  c o r re c t io n s  r e la te d  to  L o re n tz -  
c o n tra c tio n  (LC) and  T h o m a s-p re c e ss io n  (TP) to  th e  in te r n a l  m o tio n  o f 
th e  n -p  p a ir .  T hey fo u n d , h o w ev er, t h a t  th e  e f f e c ts  o f  th e  LC and  TP 
c o r re c t io n s  u p o n  th e  e la s t ic  T -m a tr ix  w ere v e ry  sm all, ev en  a t  700 MeV, 
and  d id  n o t a c c o u n t f o r  th e  a fo re m e n tio n e d  d isa g re e m e n t w ith  th e  
d a ta .
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The m ethod  o f  co u p led  d is c re t iz e d  co n tin u u m  c h a n n e ls  (CDCC),
b a se d  on th e  th re e -b o d y  m odel h a s  b een  d ev e lo p e d  by  v a r io u s  
3-5g ro u p s , . I t  is  fo u n d  to  d e s c r ib e  v e ry  w ell d e u te ro n  s c a t te r in g  a t
lo w er e n e rg ie s  ( < 80 MeV). R ece n tly , th i s  n o n - r e la t iv i s t i c  (S c h ro d in g e r )
m ethod  h a s  b een  a p p lie d  to  s c a t te r in g  a t  400 and  700 MeV.^’^^ I t  w as
fo u n d  t h a t  th e  m ethod  w o rk ed  w ell even  a t  in te rm e d ia te  e n e rg ie s
(w ith in  w h a t one w ou ld  d e f in e  a s  th e  r e l a t iv i s t i c  re g io n ), p ro v id e d
r e la t iv i s t i c  k in e m a tic s  a re  ta k e n  in to  a c c o u n t f o r  th e  c e n tre -o f -m a s s
(c.m.) m otion  o f  th e  n -p  p a i r  r e la t iv e  to  th e  ta rg e t .  In  th e  CDCC
m ethod , th e  t o t a l  w a v e fu n c tio n  is  ex p an d e d  in  a  b a s is  o f n -p  r e la t iv e
m otion  s ta te s ,  co m p ris in g  th e  d e u te ro n  g ro u n d -  an d  b r e a k u p - s ta te
w avef u n c tio n s , c la s s i f ie d  by th e  l in e a r  and  o r b i t a l  a n g u la r  mom entum
o f th e  n -p  su b sy s tem , k  an d  1 , r e s p e c t iv e ly . The co n tin u u m  o f
b re a k u p  s t a t e s  is  n e c e s s a r i ly  t r u n c a te d ,  and , in  r e f .  [4], th e  v a lu e s
OSJ SJ =2 and  O Sk<k =1 fm   ^ w ere ta k e n  to  b e  a d e q u a te . The max max
-1k -c o n tin u u m  w as th e n  d is c re t iz e d  in to  tw o b in s  o f w id th  Ak = 0 .5 fm
The v a lu e s  o f k and  Ak w ere  fo u n d  to  be  s u f f ic ie n t  fo r  c o n v e r-  max
gence. I t  w as c o n c lu d ed  t h a t  th e  in c lu s io n  o f b re a k u p  e f f e c ts  th ro u g h  
th e  CDCC m ethod  gav e  r i s e  to  a  sm a ll b u t  s ig n if ic a n t  im provem en t to  
th e  th e o re t ic a l  c r o s s - s e c t io n  a t  la rg e  an g les  (beyond  2 5 ° )  f o r  d e u te ro n  
e la s t ic  s c a t te r in g  a t  in te rm e d ia te  e n e rg ie s , b u t  h a d  on ly  a  v e ry  sm all 
e f f e c t  on th e  c a lc u la te d  s p in  o b se rv a b le s .
In  sum m ary, e x p e r im e n ta l d a ta  fo r  in te rm e d ia te  en e rg y  d e u te ro n  
s c a t te r in g  c ro s s - s e c t io n s  an d  an a ly z in g  p ow ers  can  be  re a s o n a b ly  
re p ro d u c e d , b o th  q u a l i ta t iv e ly  and  q u a n t i ta t iv e ly ,  by  th e  SFM.
B reakup  e f fe c ts  on th e  c r o s s - s e c t io n  h av e  b een  fo u n d  to  be s ig n if ic a n t  
on ly  a t  la rg e r  a n g le s  w h ere  th e  c ro s s - s e c t io n  i t s e l f  i s  v e ry  sm all.^  The
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e f fe c ts  a re  n e g lig ib le  on th e  a n a ly z in g  p ow ers. The ag ree m en t b e tw ee n  
a l l  a v a i la b le  th e o r e t ic a l  c a lc u la t io n s  o f  th e  te n s o r  an a ly z in g  pow er 
Ayy and  e x p e rim e n t is  som ew hat u n s a t i s f a c to ry ,  su g g e s tin g  some 
m echanism  m issin g  in  th e s e  th e o r e t ic a l  d e s c r ip t io n s .  The re a s o n  f o r  
th i s  d isc re p a n c y  is  an  op en  p rob lem . I t  is  im p o r ta n t ,  th e re fo re ,  to  
u n d e rs ta n d  th e  e x te n t  to  w h ich  re f in e m e n ts  to  th e  th re e -b o d y  
a p p ro a c h  m igh t be a b le  to  e x p la in  th e s e  d is c re p a n c ie s  b e tw ee n  th e o ry  
and  d a ta  a t  in te rm e d ia te  e n e rg ie s . In  p a r t i c u la r ,  th e  la rg e  d is c re p a n ­
c ie s  in  Ayy a t  400 MeV in d ic a te  t h a t  th e  r e q u ire d  re f in e m e n ts  to  th e  
m odel a re  e x p e c te d  to  be  s p in -d e p e n d e n t.
In  th e  n e x t  c h a p te r ,  we w ill u se  th e  D irac  o p t ic a l  m odel a p p ro a c h  
to  o b ta in  n u c le o n -n u c le u s  p o te n t ia l s  to  be  in c o rp o ra te d  in  th e  SFM 
and  from  w h ich  we o b ta in  th e  e f f e c t iv e  d e u te ro n -n u c le u s  p o te n t ia l s .  
The S ch ro  d in g e r  e q u a t io n  f o r  d e u te ro n -n u c le u s  s c a t te r in g  w ill be  
so lv e d  w ith  r e l a t i v i s t i c  k in e m a tic s .
In  c h a p te r  3, we w ill s tu d y  th e  e f f e c t  o f  P a u li  b lo c k in g  on d e u ­
te ro n  e la s t ic  s c a t te r in g  a t  in te rm e d ia te  e n e rg ie s  u s in g  p e r tu r b a t io n  
th e o ry . T h is  e f f e c t  le a d s  to  th e  mom entum d e p e n d e n t Tp te n s o r  p o te n ­
t i a l  w h ich  w ill be  in c o rp o ra te d  in to  o u r  th re e -b o d y  m odel. We w ill 
in v e s t ig a te  th e  e f f e c t  o f  t h i s  p o te n t ia l  on th e  d e u te ro n  s c a t te r in g  
o b s e rv a b le s . They a re  fo u n d  to  be n e g lig ib ly  sm all.
The re m a in d e r  o f  th e  th e s i s  w ill be d e v o te d  to  v i r t u a l  b re a k u p  
p ro c e s se s . I t  w as m e n tio n ed  ab o v e  t h a t  th e  K yushu  g ro u p  u s in g
th e  CDCC m ethod , h av e  in c lu d e d  th e  e f f e c ts  o f in te rm e d ia te  s ta t e s  in  
w hich  th e  d e u te ro n  is  b ro k e n  up . H ow ever, th e y  in c lu d e  on ly  J = 0 an d  
1=2 s p in - t r i p le t  b re a k u p  s ta t e s .  The fo rm alism  t h a t  w ill be  d ev e lo p e d
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h e re  w ill in v o lv e  a  tw o  s te p  c a lc u la t io n  o f  th e  e l a s t ic  am p litu d e  due  
to  b re a k u p  w h ich  w ill th e n  b e  a d d ed  to  th e  e x a c t SFM am p litu d e . The 
fo rm alism  is  in te r e s t in g  b e c a u se  i t  a llo w s u s  to  in c lu d e  a l l  n -p  r e l a ­
t iv e  o r b i t a l  a n g u la r  m om entum  s ta t e s  and  b o th  t r i p l e t  an d  s in g le t  s p in  
s ta te s .  Of p a r t i c u la r  i n t e r e s t  is  th e  e f f e c t  o f d e u te ro n  b re a k u p  to  
s p in - s in g le t  b re a k u p  c o n f ig u ra t io n s  on th e  te n s o r  an a ly z in g  pow er.
T h is  w ill b e  s tu d ie d  in  c h a p te r  7.
35In  c h a p te r  5, we c a lc u la te  b re a k u p  e f f e c ts  u s in g  G lau b er th e o ry . 
T h is w ill p ro v e  v e ry  u s e fu l  in  ch ec k in g  an d  in  u n d e rs ta n d in g  th e  r e a c ­
t io n  m echanism s a n d  som e o f  th e  a p p ro x im a tio n s  u se d  e lse w h e re  in  th e  
th e s is .
A f u l l  d is c u s s io n  o f th e  r e s u l t s  o b ta in e d , a lo n g  w ith  th e  v a r io u s  
c o n c lu s io n s  t h a t  can  be  d raw n , can  be fo u n d  in  c h a p te r  8.
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CHAPTER 2
THE THREE-BODY FORMALISM
2.1 The D irac  o p t ic a l  p o te n t ia l
O p tic a l p o te n t ia l s  a re  now w ell e s ta b l is h e d  an d  w id e ly  a c c e p te d
as  a  m ethod  o f  s tu d y in g  n u c le o n -n u c le u s  s c a t te r in g .  C o n v e n tio n a lly ,
th e  r a d ia l  d ep en d e n ce  o f th e s e  p o te n t ia l s  h a s  b een  o f  th e  W oods-Saxon
(WS) (o r W oods-Saxon d e r iv a t iv e )  ty p e . H ow ever, i t  h a s  been  fo u n d  t h a t
su c h  a  s im ple  p a ra m e tr iz a t io n  is  in a d e q u a te  f o r  b o m b ard in g  e n e rg ie s  o f
ab o v e  150 MeV. O ver th e  l a s t  te n  y e a rs  o r  so , m any a u th o rs
h a v e  u se d  an  o p t ic a l  m odel f o r  p ro to n -n u c le u s  e l a s t ic  s c a t te r in g  b a se d
on th e  D irac  e q u a tio n .^  ^  T h is  a p p ro a c h  h a s  b een  v e ry  s u c c e s s fu l  in
re p ro d u c in g  p ro to n  e la s t ic  s c a t te r in g  o b se rv a b le s . A d d itio n a lly , th e
p o te n t ia l s  u se d  can  be d e r iv e d  in  a  re a s o n a b ly  p a ra m e te r - f r e e  way
23th ro u g h  th e  D irac  im p u lse  ap p ro x im a tio n . The n o n - r e la t iv i s t i c
12im p u lse  a p p ro x im a tio n  is  u n a b le  to  re p ro d u c e  th e  p o la r iz a t io n  d a ta .
The e s s e n t ia l  f e a tu r e  o f  th e  D irac  m odel is  th e  t r e a tm e n t o f  th e  
o p tic a l  p o te n t ia l  a s  a  m ix tu re  o f  tw o ty p e s  o f com plex  lo c a l p o te n t ia l :  
th e  f i r s t ,  UQ(r), w h ich  t r a n s fo rm s  as  th e  t im e - l ik e  com ponen t o f a 
L o ren tz  fo u r - v e c to r  and  th e  o th e r ,  U g(r), a L o ren tz  s c a la r .  The D irac  
e q u a tio n  w ith  th e s e  p o te n t ia l s  is
[ a .£  +p(m + U g(r)) + (Uq + V ^ (r ) ) ]^ '( r )  = E ^ (r )  . (2.1.1)
H ere V ^(r) is  th e  Coulom b p o te n t ia l  fo r  p ro to n s  d e te rm in e d  from  th e  
em p iric a l n u c le a r  c h a rg e  d i s t r ib u t io n ,  m is  th e  n u c le o n  m ass an d  E is  
th e  n u c leo n  to t a l  e n e rg y  in  th e  n u c le o n -n u c le u s  c.m. fram e. E d ep en d s
_g_
on b o th  th e  n u c le o n  an d  t a r g e t  n u c le u s  m asses. (F o r th e s e  m a ss -e n e rg y  
r e la t io n s ,  see  e q u a t io n s  (2.3.3 -  5) f o r  th e  d e u te ro n  case). The com plex  
v e c to r  and  s c a la r  p o te n t ia l s  a re  w r i t te n
U o (r )  -  Vgf(r ,rQ j^,aQ j^) + iW ^ f (r,rQ^,a^^) , (2 .1 .2 )
U g(r) -  V g f(r ,rg j^ ,ag j^ )  + iW g f(r ,rg ^ ,a g j)  , (2.1.3)
w ith  th e  form  f a c to r s  ch o se n  to  be tw o p a ra m e te r  W oods-Saxon fu n c ­
t io n s ,
f  ( r ,r ^ ,a )  = [1  + exp  ( ( r - r^ A ^ ^ ^ ) /a ) )  ]  ^ . (2.1.4)
T hus, ta k e n  a s  a  s t r i c t l y  p h en o m en o lo g ic a l m odel, th e r e  a re  tw e lv e
p a ra m e te rs  t h a t  n eed  to  be a d ju s te d  to  f i t  p r o to n - ta r g e t  e la s t ic
s c a t te r in g  d a ta . T h is  h a s  b een  done f o r  v a r io u s  in te rm e d ia te
e n e rg ie s  and  ta r g e t s  f o r  w h ich  d a ta  a re  a v a ila b le . H ow ever, f o r  th e
7 8p u rp o se  o f th i s  s tu d y , we a re  r e s t r i c t e d  by th e  a v a i la b le  d a ta  ’ f o r
d e u te ro n -n u c le u s  e la s t ic  s c a t t e r in g  and  h en ce , as  m en tio n ed  in  th e  l a s t  
c h a p te r ,  we r e q u ir e  th e  p o te n t ia l  p a ra m e te rs  f o r  p ro to n -n u c le u s  
s c a t te r in g  a t  h a l f  th e  in c id e n t  d e u te ro n  en erg y , f o r  w h ich  p ro to n  d a ta  
may n o t be a v a ila b le .
The th r e e  in te rm e d ia te  en e rg y  re a c t io n s  t h a t  w ill  be  s tu d ie d  h e re
a re  d -^^N i a t  400 an d  700 MeV an d  d-'^^C a a t  700 MeV. We th u s  r e q u ir e
th e  p o te n t ia l  p a ra m e te rs  t h a t  f i t  th e  o b se rv a b le s  f o r  th e  r e a c t io n s  p -  
58 Ni a t  h a l f  th e  in c id e n t  d e u te ro n  e n e rg ie s , nam ely , 200 an d  350 MeV 
40an d  p -  Ca a t  350 MeV. U n fo r tu n a te ly , d a ta  a re  n o t  a v a i la b le  f o r  any  
o f  th e s e  re a c tio n s .  The p o te n t ia l  p a ra m e te rs  m u st be  o b ta in e d  from  a 
le s s  d ir e c t  ap p ro ac h . We h a v e  u se d  tw o s e ts  o f  p o te n t ia l  p a ra m e te rs
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in  th i s  s tu d y . The f i r s t  is  t h a t  o f  th e  K yushu g ro u p  w hich  p ro v id e s  
th e  p o te n t ia ls  f o r  th e  tw o ^^N i re a c tio n s .  The seco n d  w as o b ta in e d  
u s in g  a g lo b a l f i t  code. The K yushu  g ro u p  d e te rm in e  th e  p a ram e­
te r s  f o r  th e  p -^^N i r e a c t io n  a t  200 MeV by f i r s t  s e a rc h in g  a  p o te n t ia l  
to  f i t  th e  d a ta  f o r  p-'^^C a a t  200 MeV, and  th e n  e x t ra p o la t in g  in  m ass 
and  a tom ic  num ber o f  th e  t a r g e t  to  th e  p -^^N i case . F o r th e  p -^^N i
system  a t  350 MeV, th e y  c o n s tr u c t  th e  a r i th m e tic  m ean o f th e  p a ra m e -
5 8te r s  t h a t  f i t  p -  Ni s c a t te r in g  a t  300 an d  400 MeV, f o r  w h ich  d a ta  a re  
a v a ila b le .
The seco n d  s e t  o f p a ra m e te rs  is  o b ta in e d  u s in g  a  g lo b a l f i t  (GF)
41code w hich  in t e r p o la te s  b e tw e e n  th e  p a ra m e te rs  t h a t  f i t  m any r e a c ­
t io n s  f o r  w h ich  d a ta  a re  a v a i la b le  sp a n n in g  e n e rg ie s  o f 200 an d  1000 
MeV and  ta r g e t s  o f m ass 40 (Ca) an d  208 (Pb). The im ag in a ry  p a r t s  o f  
GF p o te n t ia l s  h a d  sm all s u r f a c e  te rm s  ad d ed  to  th e  volum e te rm s  in  
e q u a tio n s  (2.1.2) and  (2.1.3). T hese  new te rm s  w ere  o f th e  form ,
iWQ2h(r,rQj2»^0I2^ 2^ 2 2  ^ ’ ^ L e re  th e  fu n c tio n s ,
h ( r ,rQ ,a ) , a re  d e r iv a t iv e s  o f  th e  W oods-Saxon fu n c tio n s  d e f in e d  in  
(2.1.4).
Figure  1 show s Uq an d  Ug f o r  th e  d i f f e r e n t  sy s tem s  u n d e r  co n ­
s id e ra t io n .  In  p a r t i c u la r ,  f o r  th e  tw o ch o sen  p -^^ N i e n e rg ie s , Figure  1 
show s a  co m p ariso n  b e tw ee n  th e  p o te n t ia l s  o b ta in e d  from  th e  tw o 
so u rc e s . I t  is  seen  t h a t  th e  r e a l  p a r t s  o f Uq an d  Ug d i f f e r  q u i te  co n ­
s id e ra b ly , th e  K yushu p a ra m e te rs  p re d ic t in g  s t r o n g e r  p o te n t ia l s .  How­
ev e r, Figure  2 show s th e o r e t ic a l  c u rv e s  o f th e  o b s e rv a b le s  f o r  p -  
^^Ni a t  200 MeV u s in g  th e  tw o  s e ts  o f p a ra m e te rs . T h ere  is  no w ay o f 
know ing  w hich  s e t  o f c u rv e s  w ou ld  g iv e  a b e t t e r  f i t  to  th e  d a ta , w ere  
th e y  a v a ila b le . T h is a m b ig u ity  m akes c le a r  th e  d e s i r a b i l i ty  o f  a
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Figure  1 The v e c to r  an d  s c a la r  D irac  o p tic a l p o te n t ia l s ,  u s in g  b o th  th e  
K yushu and  GF p a ra m e te r s ,  f o r  th e  th r e e  sy stem s p-"* Ni a t  200 and  
350 MeV and  p -^ ^ C a  a t  350 MeV.
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■^58Figure 2 The c a lc u la te d  e la s t ic  s c a t te r in g  o b se rv a b le s  f o r  p -  Ni a t  
200 MeV, u s in g  th e  tw o s e ts  o f  D irac  o p tic a l  m odel p o te n t ia l s .
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com ple te  s e t  o f  d a ta  f o r  p -n u c le u s  and  d -n u c le u s  e la s t ic  s c a t te r in g  a t  
th e  re q u ire d  e n e rg ie s . T ab le  1 show s th e  n u m e ric a l v a lu e s  o f  a l l  th e  
p a ra m e te rs .
TABLE [1]
D irac  O p tic a l M odel p o te n t ia l  p a ra m e te rs
System  
Energy(MeV)
V0 (MeV)(fm)
A ®  (fm) 
W:"(MeV)
^01 (fm) 
(MeV) 
Rqp (fm) (fm) 
W^^(MeV) 
Rqy (fm)
R ° \  (fm)
^012  (fm)W ;, (MeV)
(MeV)
RSI 2 
^SI2
(fm)
(fm)
K yushu  s e t g lo b a l f i t  (GF) s e t
p -  Ni p -  Ni p -  Ni p -  Ni p -  Ca
1 200 350 200 350 350
344.60 290.60 272.833 231.919 233.410
1.0160 1.0160 1.07608 1.06666 1.04647
0.6680 0.6680 0.62031 0.62182 0.61099
-82.560 -84.635 -72.2906 -83.1675 -82.8102
1.0530 1.0585 1.27161 1.25104 1.28941
0.6010 0.6147 0.64267 0.66302 0.66406
-466.30 -424.70 -362.642 -322.193 -323.572
1.0040 1.0075 1.07140 1.06583 1.04376
0.6949 0.7028 0.65107 0.65872 0.64856
65.600 64.945 71.9924 80.4166 80.1253
1.0750 1.0850 1.14280 1.07963 1.10311
0.5201 0.5624 0.84651 0.85763 0.85652
- - 81.3719 96.9176 96.1347
- - 1.14743 1.14743 1.17695
- - 0.72512 0.72512 0.71518
- - -43.9326 -39.1733 -39.1275
- - 1,20585 1.20585 1.23687
- - 0.90345 0.90345 0.88993
The n o n - r e la t iv i s t i c  S in g le  F o ld in g  M odel (SFM), to  be  u se d  in  th e  
n e x t s e c tio n , r e q u ir e s  c e n t r a l  an d  s p in - o r b i t  n u c le o n -n u c le u s  p o te n ­
t i a l s  from  w hich  th e  d e u te ro n  p o te n t ia l s  a re  o b ta in e d . T hus, th e  D irac
10 11e q u a tio n  (2.1.1) is  re d u c e d  to  i t s  S c h ro  d in g e r  e q u iv a le n t  form  ’
E^-m^
2E ]i/( = 0
(2.1.5)
w here  th e  s u p e r s c r ip ts ,  ce an d  so , d e n o te  c e n t r a l  and  s p in - o r b i t
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Figure  3 The e f f e c t iv e  S ch ro  d in g e r e q u iv a le n t c e n t r a l  ( le f t - h a n d  s id e )  
and  s p in - o r b i t  ( r ig h t-h a n d  side) p o te n t ia ls  o b ta in e d  from  th e  D irac  
p o te n t ia l s  o f F ig u re  1.
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p o te n t ia l s ,  r e s p e c t iv e ly , and
V^®(Dirac) = U , . f U 3 - ^ ( U o 2 - u / ) - i v ^ ( V ^ . 2 U o ) . U p ^ ^ „ , „  , (2.1.6)
TT - (2.1.7)D arw in  ^^2
= - l è î  f  ■ (2.1.8)
B = (E  + m + U g - U Q - V ^ ) / ( E  + m)  . (2.1.9)
w h ere  we u se  u n i t s  in  w h ich , -h and  c, a re  u n ity  ( -h = c = 1 ). We w ill 
assum e, th e  p ro to n  an d  th e  n e u tro n  to  be  o f e q u a l m ass, and  h en ce  
d i f f e r s  from  by  o n ly  a  'C oulom b c o r re c t io n ' te rm  
V^(V^+2Uq) / 2E. In  o rd e r  to  m ake th e  c a lc u la t io n  sym m etric  in  th e  tw o 
p a r t i c le s ,  th e  p ro to n  an d  n e u t ro n  p o te n t ia l s  a re  ta k e n  to  be  th e  a v e r ­
age o f th e  tw o, nam ely
= I[V ^ ® (D ira c )  + V®®(Dirac) ]
= V®® (D irac) + |v ^ (V ^ + 2 U (,)/2 E
= U o - f U g - i ( U o 2-U 3 2 ) - ^ V ^ ( V ^ . 2U o ) .U ^ ^ ^ ^ .„  . (2.1.10)
As in  p re v io u s  s tu d ie s  we n e g le c t th e  sm all c o n t r ib u t io n  o f
to  B in  e q u a t io n  (2.1.9).
Figure  3 show s th e  e f f e c t iv e  S ch ro  d in g e r  e q u iv a le n t  c e n t r a l  an d  
s p in - o r b i t  p o te n t ia l s  g iv e n  by  e q u a t io n s  (2.1.10) an d  (2.1.8) re s p e c t iv e ly . 
I t  h a s  b een  show n th a t  w hen th e s e  p o te n t ia l s  a re  u se d  in  a  r e l a ­
t i v i s t i c  form  o f th e  S c h ro  d in g e r  e q u a tio n , an  e q u a lly  good f i t  to  th e  
p ro to n  s c a t te r in g  d a ta  is  o b ta in e d  as w hen u s in g  th e  D irac  p o te n t ia l s  
d ire c t ly .  Figure  3 show s t h a t  th e  r e a l  c e n t r a l  p o te n t ia l s  f o r  p -^^ N i a t
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zoo MeV h a v e  th e  w e ll-k n o w n  w in e -b o tt le -b o t to m  (WB) sh a p e , w ith  th e  
re d u c e d  a t t r a c t io n  in  th e  i n t e r io r  re g io n  o f th e  n u c le u s , becom ing 
re p u ls iv e  in  th i s  re g io n  f o r  th e  tw o 350 MeV c a se s . T h is  u n o r th o d o x  
sh a p e  o f ReV^® i s  d u e  to  th e  p re s e n c e  o f th e  s q u a re d  p o te n t ia l  te rm s  
in  e q u a tio n  (2.1.10), w h ile  i t s  s t ro n g  en e rg y  d ep e n d e n c e  is  a  c o n se ­
q u en ce  o f t r e a t in g  th e  p ro b lem  w ith in  a  r e l a t i v i s t i c  fram ew o rk . The 
la rg e  d if fe re n c e s  o b se rv e d  in  th e  r e a l  p a r t s  o f th e  v e c to r  an d  s c a la r  
p o te n t ia l s  (in  Figure  1) from  th e  K yushu an d  th e  GF p a ra m e te rs  a re  
se e n  to  t r a n s l a te  in to  la rg e  d if f e re n c e s  in  both  th e  r e a l  an d  im a g in a ry  
p a r t s  o f th e  c e n t r a l  an d  s p in - o r b i t  S ch ro  d in g e r  e q u iv a le n t  p o te n t ia l s .
2.2 The S in g le  F o ld in g  M odel (SFM)
I t  h a s  been  show n by  S a tc h le r  t h a t  i f  one in v o k e s  r o ta t io n a l  
in v a r ia n c e , p a r i ty  c o n s e rv a t io n  an d  s c a t te r in g  m a tr ix  sym m etry  (tim e 
r e v e r s a l )  th e n  th e  m ost g e n e ra l  fo rm  o f th e  d e u te ro n  p o te n t ia l  is
U j(R )  = U®®(R) + U®°(R)L.S + U^^(R)Tp,
+ |[U ^ ^ (R )T p  + T p U ^^(R )] + U^'^(R)Tj^ , (2.2.1)
w h ere  th e  th r e e  s e c o n d - ra n k  te n s o r  in te r a c t io n s  a re  s p a t i a l -
c o o rd in a te -d e p e n d e n t (T ^), m o m en tu m -d ep en d en t (Tp) an d  o r b i t a l
a n g u la r-m o m e n tu m -d e p e n d e n t (T^^). To o b ta in  th e  d e u te ro n  p o te n t ia l ,
2W atanabe s u g g e s te d  t h a t  th e  sum  o f th e  p -  an d  n - t a r g e t  p o te n t ia l s  
be a v e ra g e d  o v e r  th e  in t e r n a l  w a v e fu n c tio n  o f th e  d e u te ro n . T h is  is  
know n a s  th e  S in g le  F o ld in g  M odel (SFM). The Tp in t e r a c t io n  is  th e  
on ly  one o f  th e  th r e e  te n s o r  p o te n t ia l s  to  a p p e a r  a s  a n a tu r a l  c o n se ­
q u en ce  o f th e  SFM. The o th e r  tw o te n s o r  p o te n t ia l s  h a v e  d i s t i n c t  p h y -
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s ic a l  o r ig in s  an d  w ill n o t  b e  d is c u s s e d  in  th i s  c h a p te r .
As a  r e s u l t  o f  o u r  sym m etrized  form  o f th e  n u c le o n -n u c le u s  
in te r a c t io n ,  th e  fo ld e d  d e u te ro n  p o te n t ia l  can  be  w r i t t e n  a s
= <^0 +
+ J d r 0 * ( r ) V ^ ° ( |R  + | |) [ ( £ ;p + o :^ ) .^ ] ^ p ( r )  . (2.2.2)
The d e u te ro n  w a v e fu n c tio n  h a s  th e  form
w h ere  u  an d  w a re  th e  S- an d  D -w ave r a d ia l  w a v e fu n c tio n s  r e s p e c ­
t iv e ly , an d  is  th e  ra n k -2  o p e ra to r  t h a t  c o u p le s  to  th e  D -s ta te .  The 
w a v e fu n c tio n  is  n o rm alized  s u c h  th a t
2 2d r  (u ( r )  + w ( r ) )  = 1 . (2.2.4)
0
The d e u te ro n  w a v e fu n c tio n  w as c o n s tru c te d  from  th e  R eid  s o f t  c o re  
p o te n t ia l
The fo ld in g  in te g r a ls  o f  e q u a t io n  (2.2.2) w h ere  c a r r ie d  o u t  u s in g  
th e  m ethods o f K eaton  e t a l  , The f u l l  d e r iv a t io n  is  n o t in c lu d e d  
h e re . The f in a l  form  o f th e  fo ld e d  d e u te ro n  p o te n t ia l  is
U j(R ) = U^°)(R) + + [U (°)(R ) + U^^)(R) + U ^^)(R )] L.S
+ (U ^^(R ) + U ^ ^ (R ))T g  . (2.2.5)
w here
u ( 0 )ce
f“  2 r (R) = d r u  (r)Jn 1-1
,1
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djiV^^(p)
= j  f d r w ^ ( r )  [ 2 V ^ ® (p ) -3 V ® ° (p ) ( l+ ^ ) ]  ,-^ 0 J_2 ^ P
" i  Jg d r u ^ ( r )
d r u ( r ) w ( r )  |  dp V p°(p )(3p^  + ^ - i ;
r.1
- 1
d p v ; ° ( p ) ( i + |^ )
u ( ^ ( R )  = -
J8 JQ
„a)
dr W (r)
0
d r  u ( r )w (r )
,1
- 1
d p V ^ °(p )(3 p ^  + ^  + l )
r i
-1
dp [4V^^(p)Pg(p)
(2 .2 .6a)
(2.2.6b)
(2.2.6c)
(2.2.6d)
(2.2.6e)
+ 1 
>/8
r“  od r  [ u ( r ) w '( r ) - u '( r ) w ( r ) ]  dp V ( p ) R p ( p  -1 )  , (2.2.6f)
0 J-1 P
.00
d r  w' ( r )  J d p [ V ® ° ( p ) ( P 2 ( p ) +  ^ ( 2 p ^ - l ) )
| v ; ^ p ) P , ( p ) ] (2.2.6g)
w h ere  p =  | R + ÿ | = ^R^ + r ^ /4  + rR p  , p = r.R /rR  an d  P ,(p )  i s  a L eg en d re  
P o lynom ial. The s u p e r s c r ip t  in  e q u a t io n s  (2.2.6) d e n o te s  th e  o rd e r  o f  
th e  p o te n t ia l  te rm  in  th e  d e u te ro n  D -s ta te . The T ^ o p e ra to r  is  
d e f in e d  by
T r  = ( § 4 ) ^  -  I (2.2.7)
an d  S = ^ - n ^ ' th e  n -p  t o t a l  sp in  o p e ra to r .
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Figure  4 The fo ld e d  d e u te ro n ,  c e n t r a l ,  s p in - o r b i t  and  t e n s o r  p o te n ­
t i a l s  f o r  d - ^ ^ N i  a t  400 MeV.
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Figure  5 The sam e a s  F ig u re  4 b u t  f o r  d - ^ ^ N i  a t  700 MeV.
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Figure  6 The sam e as  F ig u re  4 b u t  fo r  d -'^^C a a t  700 MeV an d  u s in g  
o n ly  th e  GF p o te n t ia l  p a ra m e te r s .
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The fo ld in g  in te g r a ls  w ere  so lv e d  n u m e ric a lly  u s in g  th e  code DFKA 
(D eu te ro n  F o ld in g  d u e  to  K ea to n  an d  A rm strong). F igures  4,5 an d  6 
show  th e  fo ld e d  c e n tra l ,  s p in - o r b i t  and  te n s o r  p o te n t ia l s  f o r  th e  th r e e  
ca ses : d -^^N i a t  400 MeV a n d  700 MeV and  d -^ ^ C a  a t  700 MeV. F o r  th e  
400 MeV case , th e  ReU^® s t i l l  h a s  th e  w in e -b o tt le  sh a p e  in  th e  c a se  o f 
th e  K yushu p a ra m e te rs  b u t  th e  GF p o te n t ia l  is  a lm o s t c o n s ta n t  (WS) in  
th e  n u c le a r  in te r io r .  The K yushu  p o te n t ia l  a lso  p r e d ic ts  a m uch la rg e r  
ImU^^ (a d if fe re n c e  o f 20 MeV). T h is  le a d s  to  a  d if fe re n c e  in  th e  p r e d ­
ic t io n s  fo r  th e  d e u te ro n  s c a t t e r in g  o b se rv a b le s . The K yushu p a ra m e te rs
a lso  p r e d ic t  a  la rg e r  ReU^° w ith  co n seq u en c es  f o r  th e  p o la r iz a t io n
5 °o b s e rv a b le s . F o r d -  "^Ni s c a t te r in g  a t  700 MeV (Figure  5), th e  d i f f e r ­
en ces  b e tw een  th e  tw o c u rv e s  a re  n o t q u ite  so  m arked .
2.3 The e la s t ic  s c a t te r in g  o b s e rv a b le s
The e la s t ic  s c a t te r in g  o b s e rv a b le s  f o r  th e  th r e e  sy stem s,
^ ”N i(d ,d )^ ^ N i a t  400 and  700 MeV and  ^ ^ C a (d ,d )^ ^ C a  a t  700 MeV, w ere  
o b ta in e d  by  m aking  a  c o n v e n tio n a l p a r t i a l  w ave d eco m p o sitio n  an d  
s o lu tio n  o f th e  S c h ro  d in g e r  e q u a t io n  (w ith  di=c=l)
(V^ + = 0 , (2.3.1)
b u t  w ith  th e  c o r r e c t  r e l a t i v i s t i c  k in e m a tic s  in tro d u c e d . The c a lc u la ­
t io n s  w ere  p e rfo rm e d  u s in g  a  m o d ified  v e rs io n  o f th e  sp in -1  o p t ic a l  
m odel code DDTP (w hich  w as o r ig in a lly  in te n d e d  f o r  e n e rg ie s  below  
100 MeV). The r e l a t i v i s t i c  d e u te r o n - ta r g e t  re d u c e d  m ass is  ta k e n  to
be 46
Md = ' (2.3.2)
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w h ere  an d  a re  th e  t o t a l  e n e rg ie s  o f th e  d e u te ro n  an d  ta r g e t  in  
th e  c.m. fram e, d e f in e d  a s
Ed = (M^ + md -  m ^)/2M  , (2.3.3)
Ea  = (M^ + m ^ -  m d)/2M  , (2.3.4)
= (md + m^)^ + 2m ^Td , (2.3.5)
and  M is  th e  in v a r ia n t  m ass o f th e  system . is  th e  in c id e n t k in e t ic  
en e rg y  o f  th e  d e u te ro n  in  th e  la b  fram e. The r e l a t i v i s t i c  w ave num ber 
is
K = ( E j ^  _ (2.3.6)
The Som m erfeld  p a ra m e te r , w h ich  a p p e a rs  in  th e  Coulom b s c a t te r in g  
am p litu d e , w as ta k e n  to  h a v e  th e  r e l a t iv i s t i c  form
T) =  Z^e^jUd/ K . (2.3.7)
The a c c u ra c y  o f th e  c a lc u la t io n s  w as ch eck ed  by co m p ariso n  o f th e  
c a lc u la te d  s c a t te r in g  a m p litu d e s  w ith  th e  B orn a p p ro x im a tio n  e x p re s ­
s io n s  o f S a tc h le r  in  th e  l im it  o f sm all p o te n t ia l  s t r e n g th s .  O th e r  
r e l a t iv i s t i c  c o r re c t io n s ,  d u e  to  Thom as p re c e s s io n  an d  th e  L o ren tz  c o n ­
t r a c t io n ,  h av e  b een  fo u n d  to  b e  sm all o v e r  th e  ra n g e  o f in te rm e d ia te
29e n e rg ie s  b e in g  s tu d ie d  h e re  an d  w ere  th e re fo re  ig n o re d .
F igures  7,8 an d  9 show  a  co m p ariso n  b e tw een  th e  c a lc u la te d
*7o b se rv a b le s  an d  th e  S a d  ay  d a ta  f o r  th e  th r e e  re a c t io n s .  A ll th r e e  
s e ts  show  re a s o n a b le  a g re e m e n t b e tw een  th e o ry  an d  e x p e rim e n t e s p e ­
c ia lly  a t  fo rw a rd  a n g le s  (8^ ^  < 15°). In com paring  th e  tw o s e ts  o f
4 7th e o re t ic a l  c u rv e s  we co n c lu d e , a s  do o th e r  r e c e n t  s tu d ie s  , t h a t
-24“
d -
400 MeV<r/<r.
 K yushu
 GF
I# *
t .2
• .8
Ay
t.2
0 .8
8 .4
[d eg ]e c.m.
Figure  7 C ro s s -s e c tio n s ,  v e c to r  and  te n s o r  an a ly z in g  p o w ers  fo r  
*58 ^  'j gN i(d ,d ) ' Ni a t  400 MeV. S o lid  an d  d a sh e d  lin e s  show  re s p e c t iv e ly  
r e s u l t s  th e  F o ld in g  m odel c a lc u la t io n s  u s in g  th e  GF an d  K yushu p o te n ­
t i a l s .  E x p erim en ta l d a ta  a re  from  re f .  7.
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Figure  8 C ro s s -s e c tio n s ,  v e c to r  an d  te n s o r  an a ly z in g  p ow ers  f o r  
N i(d ,d )  Ni a t  700 MeV. C u rv es  a n d  d a ta  a re  a s  f o r  F ig u re  7.
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F ig u re  9 C ro s s -s e c tio n , v e c to r  an d  te n s o r  a n a ly z in g  p o w ers  fo r  
^® C a(d ,d )^^C a a t  700 MeV. S o lid  c u rv e s  a re  th e  r e s u l t  o f  th e  F o ld in g  
m odel c a lc u la tio n s  u s in g  th e  GF p o te n t ia l s .  D ata  a re  a s  f o r  F ig u re  7.
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d if f e r e n t  in p u t  p ro to n -n u c le u s  p o te n t ia l s  w h ich  g iv e  a lm o st th e  sam e 
q u a l i ty  o f  f i t  to  th e  p r o to n - ta r g e t  s c a t te r in g  d a ta , can  n e v e r th e le s s  
d i f f e r  f o r  th e  d e r iv e d  d e u te r o n - ta r g e t  o b s e rv a b le s . T h is  in d ic a te s  t h a t  
d e u te ro n  s c a t te r in g  c o u ld  b e  a  good  p ro b e  w ith  w h ich  to  s tu d y  th i s  
am b ig u ity  p r e s e n t  in  th e  p ro to n  o p t ic a l  m odel. F o r th e  ca se  o f d -^^N i 
a t  400 MeV, i t  i s  d i f f i c u l t  to  sa y  f o r  c e r ta in  w h ich  s e t  o f  o p t ic a l  m odel 
p a ra m e te rs  is  in  b e t t e r  ag ree m en t w ith  th e  d a ta . F o r  in s ta n c e , th e  
K yushu p a ra m e te rs  u n d e re s t im a te  th e  o b se rv e d  c ro s s - s e c t io n  in  Figure  
7 in  th e  a n g u la r  re g io n  b e tw e e n  15° and  3 0 ” by  m ore th a n  th e  GF 
p a ra m e te rs , b u t  th e  o s c i l la t io n  in  th e  sam e re g io n  d u e  to  th e  GF 
p a ra m e te rs  a re  m ore 'w a sh e d  o u t '.  B oth  s e ts  o f  p a ra m e te r s  p ro d u c e  c a l­
c u la t io n s  in  v e ry  good a g ree m en t w ith  each  o th e r  an d  th e  d a ta  f o r  th e  
v e c to r  an a ly z in g  po w er A^; T h e re  is  a  d isc re p a n c y , h o w ev er, b e tw ee n  
th e  d a ta  and  th e  th e o r e t ic a l  c u rv e s  fo r  A ^^, p a r t i c u la r ly  f o r  th e  400 
MeV case . I t  is  th i s  d e f ic ie n c y  in  o u r  m odel t h a t  we w ill t r y  to  
a d d re s s  in  th e  com ing c h a p te r s  by c o n s id e r in g  th e  e f f e c ts  o f  th e  
in c lu s io n  o f th e  P a u li P r in c ip le  an d  o f v i r t u a l  b re a k u p .
2.4 The im p o rta n c e  o f  th e  D - s ta te  and  r e l a t i v i s t i c  k in e m a tic s
To ch eck  th e  im p o rta n c e  o f  th e  in c lu s io n  o f th e  D -s ta te  c o n t r ib u ­
t io n  to  th e  d e u te ro n  w a v e fu n c tio n  in  th e  fo ld in g  m odel, th e  o b s e rv ­
a b le s  fo r  th e  r e a c t io n  ^ ^ N i(d ,d )^ ^ N i a t  700 MeV w ere  c a lc u la te d  u s in g  
an  8 -w ave p a r t  on ly . T h is  w as re n o rm a liz e d  su ch  t h a t
d r u  (r)  = 1 . (2.4.1)
^0
L ooking  b ack  to  e q u a t io n s  (2.2.6), i t  is  c le a r  t h a t  w ith o u t a  D -s ta te  th e
“28“
te n s o r  p o te n t ia l  d is a p p e a rs .  The e f f e c t  o f t h i s  is  e x p e c te d  to  be  
g r e a te s t  f o r  th e  te n s o r  an a ly z in g  pow er . Figure  10 show s th i s  to  
be  th e  case . W hat rem a in s  o f  th e  c o n tr ib u t io n  to  is  due  to  s e c o n d -  
an d  h ig h e r  o rd e r  s p in - o r b i t  e f fe c ts .
Figure  11 show s th e  o b s e rv a b le s  fo r  th e  sam e r e a c t io n  w ith , and  
w ith o u t, th e  r e l a t i v i s t i c  k in e m a tic  ch an g es to  th e  o p t ic a l  m odel code  
DDTP. The in c lu s io n  o f  th e s e  m o d if ic a tio n s  c a u se s  th e  th e o re t ic a l  
c u rv e s  to  be  s h i f te d  b a c k  in  an g le  c o n s id e ra b ly  w h ich  g re a t ly  im p ro v es  
th e  ag ree m en t w ith  th e  d a ta .
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Figure  10 C ro s s - s e c tio n s ,  v e c to r  an d  te n s o r  a n a ly z in g  p ow ers  fo r  
^® N i(d,d)^^N i a t  700 MeV. S o lid  an d  d a sh e d  c u rv e s  show  re s p e c t iv e ly  
th e  r e s u l t s  o f  F o ld in g  m odel c a lc u la t io n s  w ith  an d  w ith o u t a  d e u te ro n  
D -s ta te .
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Figure  11 C ro s s -s e c tio n s ,  v e c to r  an d  te n s o r  an a ly z in g  p o w ers  f o r  
^^N i(d ,d)^® N i a t  700 MeV. S o lid  an d  d a sh e d  c u rv e s  show  r e s p e c t iv e ly  
th e  r e s u l t s  o f  F o ld in g  m odel c a lc u la t io n s  w ith  and  w ith o u t r e l a t i v i s t i c  
k in e m a tic s  in  th e  S ch ro  d in g e r  e q u a tio n . D ata  a re  from  re f .  7.
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CHAPTER 3
THE PAULI BLOCKING EFFECT
3.1 The d e u te ro n  in  n u c le a r  m a tte r
I t  h a s  b een  d e m o n s tra te d  by  lo a n n id e s  and  J o h n so n  t h a t  w hen 
th e  d e u te ro n , w ith  an  in t e r n a l  D -s ta te ,  p ro p a g a te s  th ro u g h  th e  n u c le a r  
m edium , th e  a c t io n  o f th e  P a u li  P r in c ip le  le a d s  to  th e  b lo c k in g  o f  c e r ­
ta in  s t a t e s  o f  n -p  r e la t iv e  m o tion . T h is  in  tu r n  g e n e ra te s  a m om entum  
d e p e n d e n t te n s o r  (Tp in te r a c t io n  b e tw een  th e  d e u te ro n  an d  th e  
ta rg e t .  E ven in  f i r s t  o rd e r ,  th e  p re se n c e  o f su c h  a  te n s o r  te rm  w ill 
a f f e c t  d ir e c t ly  th e  c a lc u la te d  e la s t ic  A^^ . In  t h i s  c h a p te r ,  we s h a l l  
in v e s t ig a te  th e  m a g n itu d e  o f  th i s  e f f e c t  u s in g  r e a l i s t i c  m odels o f  th e  
n u c le o n -n u c le o n  in te r a c t io n .
I t  is  know n th a t  th e  b in d in g  e n e rg y  o f  th e  d e u te ro n  in s id e  
n u c le a r  m a tte r  is  le s s  th a n  t h a t  in  f r e e  sp ace , an d  d ep en d s  s tro n g ly  on 
th e  p ro je c tio n  o f  th e  d e u te ro n 's  sp in , M=S.K, w ith  r e s p e c t  to  th e  c e n ­
t r e  o f m ass mom entum K . The m odel u se d  by  lo a n n id e s  and  J o h n so n  
p r e d ic ts  a Tp p o te n t ia l  w h ich  is  r e la te d  to  th e  en e rg y  d if fe re n c e  Ae , 
b e tw een  th e  b in d in g  e n e rg ie s  o f  th e  n o n -d e g e n e ra te  s t a t e  o f  s p in  p r o ­
je c t io n  M=0 o f en e rg y  e^ , an d  th e  d o u b ly  d e g e n e ra te  s t a t e  w ith  M=±l o f 
en e rg y  e^ .
In  th i s  c h a p te r  we c o n c e n tra te  on th e  ro le  an d  im p o rta n c e  o f th e  
a c tio n  o f th e  P a u li  p r in c ip le  f o r  d e u te ro n  e l a s t ic  s c a t te r in g  from  ^^Ni 
a t  400 MeV. The form  o f  th e  d e u te ro n  D -s ta te  w a v e fu n c tio n  in  momen­
tum  sp ace  w ill be  show n to  be  su c h  th a t ,  f o r  e n e rg ie s  in  e x c e ss  o f  260
-3 2 -
MeV, th e  m ag n itu d e  o f th e  P a u li  e f f e c t  h a s  a lo c a l maximum a t  400 MeV 
an d  th i s  h a s  d ic ta te d  o u r  ch o ice .
3.2 Form  o f  th e  Tp te n s o r  p o te n t ia l
The Tp te n s o r  o p e ra to r  is  d e f in e d  by  S a tc h le r  as ,
T p  = ( S . P ) ^  -  I • (3.2.1)
w h ere  S an d  P a re  th e  d e u te ro n  s p in  and  mom entum o p e ra to r s .
The Tp p o te n t ia l  is  u s u a l ly  ad d ed  to  th e  fo ld e d  d e u te ro n  p o te n ­
t i a l  in  i t s  sym m etrized  fo rm , ÿ u ^ p (R )T p  + T p U p p (R )] , h o w ev er, th e  code 
DDTP^^, u se d  in  th e  l a s t  c h a p te r ,  can  a lso  in c o rp o ra te  th e  p o te n t ia l  
u s in g  an  o p e ra to r  o f th e  fo rm  T p ^ p . T h is is  fo rm ed  by  san d w ich in g  th e  
r a d ia l  fu n c tio n  Upp(R) b e tw ee n  tw o momentum o p e ra to r s ,  an d  h a s  th e  
form
Tpup = ^ ^ 2 . 4 .  '<r
w here .
= i s  (lH lM '12<r)P^U pp(R )P^, , (3'2-3)
T h is  form  o f th e  Tp p o te n t ia l  i s  r e la te d  to  th e  sym m etrized  v e r ­
s io n  by th e  e q u a tio n ,
i[U .^^(R )T ^+ T ^U .^„(R )] = T p ^ p  -  | R ^ [ i ^ U p p ( R ) ] T „  . (3.2.4)
-3 3 -
To ch eck  t h a t  th e  code  w as t r e a t in g  th e  Tp p o te n t ia l  c o r re c t ly ,
49th e  B orn A p p ro x im atio n  e x p re s s io n s  d e r iv e d  by L opes an d  S a n to s  
w ere u sed . T h is  in v o lv e d  c a lc u la t in g  w h a t a re  know n a s  th e  s p in - f l ip  
a m p litu d e s , d e f in e d  as ,
Qzo- = < ^ o n t  I ^2<r I > ■ (3.2.5)
In  th e  H o o to n -Jo h n so n  c o o rd in a te  system , th e r e  a re  o n ly  tw o n o n ­
v a n ish in g  am p litu d e s  f o r  a  p u re  Tp p o te n t ia l ,  Q22
r a t io  o f  th e  tw o h a s  th e  sim p le  a n g u la r  d ep en d en ce ,
^  = - l |  Sioiiom-l , (3.2.6)
^22 s m  (0/2)
w hen u s in g  th e  T p^p  fo rm , an d
^ 2^0 _f2  3 c o s ^ ( e /2 ) - l
s in 2 (e /2 )  ’
w hen u s in g  th e  sym m etrized  form .
The a n a ly t ic a l  v a lu e s  f o r  th e  r a t io s ,  c a lc u la te d  from  th e  above  
e x p re s s io n s , w ere  com pared  w ith  th e  n u m e rica l v a lu e s  o b ta in e d  from  
th e  code DDTP, w hen on ly  a  sm all Tp p o te n t ia l  w as p re s e n t .  The 
n u m e rica l w ere  o b ta in e d  u s in g  th e  d e f in i t io n ,
Q2.  = i  Tr(Tx;^) , (3.2.8)
w here  T is  th e  e la s t ic  t r a n s i t io n  m a trix .
(I t is  u s e fu l  to  n o te  h e re  t h a t  th e  tr e a tm e n t o f  th e  p o te n t ia l  in  
th e  code co u ld  a lso  b e  ch ec k ed  b e c a u se , f o r  a sm all p u re  Tp p o te n t ia l ,  
th e  r a t io  o f th e  s p in - f l ip  a m p litu d e s  is  a c o n s ta n t ,  in d e p e n d e n t o f
an g le , g iv e n  by  Q2Q/Q2 2= " / ^ ) -
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B oth fo rm s o f  th e  Tp p o te n t ia l  w ere  u se d  in  DDTP and  th e  Q- 
a m p litu d e s  p ro d u c e d  by  e ac h  fo rm  w ere  com pared  w ith  th e  c o r re s p o n d ­
in g  a n a ly t ic a l  e x p re s s io n s  show n above. In  th e  l im it  o f sm all p o te n t ia l  
s t r e n g th s  (Born A p p ro x im atio n ), th e  ag reem en t f o r  b o th  fo rm s w as 
fo u n d  to  b e  v e ry  good f o r  sm all fo rw a rd  an g le s  (below  15°).
3.3 C a lc u la tin g  th e  p o te n t ia l  f o rm f a c to r  U^ p (R)
To do th i s ,  we w ill m ake u se  o f  th e  lo c a l n u c le a r  m a tte r  a p p ro x i­
m ation . At in te rm e d ia te  en e rg y , and  w ith  th e  sh a llo w  r e a l  com ponen t o f 
th e  d e u te ro n  c e n t r a l  p o te n t ia l  p re d ic te d  by  th e  fo ld in g  m odel in  th e  
l a s t  c h a p te r ,  th e  d e u te ro n  lo c a l c e n tre  o f m ass w avenum ber,
K(R), is  v e ry  a c c u ra te ly  d e te rm in e d  by  i t s  a sy m p to tic  v a lu e  
K. T h is  h a s  a  v a lu e  s ig n if ic a n t ly  g r e a te r  th a n  th e  c o rre sp o n d in g  F erm i 
momentum k^ o f th e  n u c le o n s  in  th e  ta rg e t .  A t th e  d e n s ity  o f  th e  
n u c le a r  in t e r io r  k^  -1 .36  fm   ^ w h e reas  fo r  d o u te ro n s  in c id e n t a t  400 
MeV K is  o f o rd e r  6.3 fm  T hus, in  th e  lo c a l n u c le a r  m a tte r  p ic tu re ,  
th e  n -p  r e la t iv e  m otion  s ta t e s ,  o f  mom entum k, b lo c k e d  by th e  P a u li  
m echanism , i.e . |K /2  -  k^ | < k  < |K /2  + k^ | , l ie  a t  h ig h  n -p  r e l a ­
t iv e  energy .
We ta k e  a d v a n ta g e  o f  t h i s  K>>k^ s i tu a t io n  and  e s tim a te  th e  e f f e c t  
o f th e  P a u li b lo c k in g  in  f i r s t  o rd e r  p e r tu r b a t io n  th e o ry . The ch an g e  in  
th e  in te r n a l  e n e rg y  o f a d e u te ro n , w ith  sp in  p ro je c t io n  M w ith  r e s p e c t  
to  th e  c e n tre  o f m ass m om entum  K, is  th u s ,
e „ (R )  = . (3.3.1)
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w here  is  th e  f r e e  n -p  in t e r a c t io n  and  Q p ro je c ts  on ly  th o s e  
a llow ed  v a lu e s  o f  r e la t iv e  m om entum  k, d e te rm in e d  by  th e  lo c a l k^ 
th ro u g h  th e  lo c a l n u c le a r  d e n s i ty  p(R). T hese  in te r n a l  e n e rg ie s  th u s  
d ep en d  e x p l ic i t ly  on p o s i t io n  R th ro u g h  Q an d  g e n e ra te  a  m om entum - 
d e p e n d e n t te rm  in  th e  d e u te r o n - ta r g e t  in te r a c t io n  w ith  th e  fo llo w in g  
sp in -d e p e n d e n c e
AUd(R) = U .j,p(R )îp  = (e^(R ) -  E(,(R)) [ (S .8 ^ ) -  | ]  .
w h ere  th e  DDTP code ta k e s  Tp to  be
Tp = Tp / . (3.3.3)
E q u a tio n  (3.3.2) s e rv e s  to  d e f in e  th e  te n s o r  p o te n t ia l  U ^p(R) and  fo rm  
o f th e  Tp o p e ra to r  in  te rm s  o f th e  d e u te ro n  s p in  o p e ra to r  S. I f  we
d e fin e  th e  d e u te ro n  w a v e fu n c tio n  in  momentum sp ace , in  no rm al n o ta -
48 , t io n  , by
^ ^ ( k )  = [u (k )  + w (k )/\fa  YQQ(£)%^(n,p) , (3.3.4)
th e n , in  th e  lim it t h a t  K » k ^ , U^p(R) ta k e s  on th e  p a r t i c u la r ly  s im p le  
51c lo sed  form
U ^p(R) :  - (5 it^ /K ^ )p (R )(B _ j+ l^ )w (K /2 )[w (K /2 )- ,/8 u (K /2 )]  (3.3.5)
w here  is  th e  f r e e  sp a c e  d e u te ro n  b in d in g  e n e rg y  and  E^ is  th e
k in e t ic  e n e rg y  o f  th e  d e u te ro n  in  th e  c e n tre  o f m ass fram e. The S- an d
D -s ta te  com ponen ts  o f th e  d e u te ro n  w a v e fu n c tio n , u  an d  w, d e f in e d  by
e q u a tio n  (3.3.4) a re  n o rm alized  su c h  th a t
—36“
= J d k ( u ^ ( k )  + w^(k) ) = 1 . (3.3.6)
We see  from  e q u a tio n  (3.3.5) t h a t  th e  d e u te ro n  w a v e fu n c tio n  a t  h ig h  
r e la t iv e  n -p  m om enta (k=K/2) i s  r e q u ir e d  fo r  an  a c c u ra te  d e te rm in a tio n  
o f th e  Tp in te r a c t io n  s t r e n g th .
5 8E q u a tio n  (3.3.5) w as e v a lu a te d  in  th e  ca se  o f th e  d -  Ni sy stem  
o v e r  a ra n g e  o f e n e rg ie s  u s in g  th e  momentum sp a c e  p a ra m e tr iz a t io n  o f 
th e  d e u te ro n  w avef u n c t io n s  o f  th e  P a r is  and  Bonn n u c le o n -
n u c leo n  in te r a c t io n s .  The d e n s ity  o f th e  ^^Ni t a r g e t  w as ta k e n  to  h a v e  
th e  form
p(R) = Pq (1  + WR^/c^ ) ( 1  + , (3.3.7)
54w ith  th e  p a ra m e te rs  o f B a r r e t t  and  J a c k so n  :
Pq = 0.1823 fm "^ , c = 4.203 fm ,
a  = 0.504 fm  , W = -0 .131
Figure  (12) show s th e  c a lc u la te d  U^p(R=0) as  a  fu n c t io n  o f in c id e n t
d e u te ro n  en e rg y  fo r  th e  P a r is  (so lid  cu rv e) an d  Bonn (d ash ed  cu rv e )
w avef u n c tio n s . C a lc u la t io n s  o f  U^p> u s in g  a m ore e x a c t p r e s c r ip t io n  
55 , show  t h a t  o u r  f i r s t  o rd e r  a p p ro x im a tio n  is  a c c u ra te  to  b e t t e r  th a n  
10% fo r  e n e rg ie s  n e a r  400 MeV, th e  a c c u ra c y  im p ro v in g  w ith  in c re a s in g  
en ergy . A p p a re n t from  Figure  (12) is  a f a c to r  o f f o u r  v a r ia t io n  in  th e  
s t r e n g th  o f  th e  P a u li  e f f e c ts  w ith  th e  assum ed  n -p  in te r a c t io n  m odel. 
C le a r  h o w ev er is  th a t ,  a t  th e s e  in te rm e d ia te  e n e rg ie s  th e  P a u li e f f e c ts  
a re  a maximum in  th e  re g io n  o f  400 MeV. W hile th e r e  a p p e a rs  to  b e  an  
u n c e r ta in ty  b e tw een  th e  d i f f e r e n t  d e u te ro n  w a v e fu n c tio n  m odels a t  th e
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r e q u ir e d  r e la t iv e  m om enta, th e  ag ree m en t b e tw een  th e  e x p e r im e n ta l
d e u te ro n  e le c tr i c  an d  m a g n e tic  fo rm fa c to rs ,  d ed u ce d  from  e le c tro n
5 6s c a t te r in g ,  an d  th e  P a r is  m odel p r e d ic t io n s  is  re a s o n a b ly  good  o u t  
to  mom entum t r a n s f e r s  c o m p arab le  to  th e  p r e s e n t  K/2 v a lu e s  
( =3.1 fm  ^). The q u a l i ty  o f  t h i s  ag ree m en t s t ro n g ly  s u g g e s ts  t h a t  o u r  
P a r is  w a v e fu n c tio n  e s t im a te s  o f  th e  Tp in te r a c t io n  s t r e n g th  is  u n lik e ly  
to  be in  e r r o r  by  m ore th a n  a  f a c to r  o f 4. The r a d ia l  fo rm  o f U ^p(R), 
f o r  th e  P a r is  in te r a c t io n ,  is  show n in  Figure  (13) a t  e n e rg ie s  o f  300,
400 an d  700 MeV.
Figure  (14) show s th e  c a lc u la te d  te n s o r  a n a ly z in g  pow er f o r
d e u t e r o n - Ni s c a t te r in g  a t  400 MeV, to g e th e r  w ith  th e  e x p e r im e n ta l
7d a ta  . The s o lid  c u rv e  show s th e  r e s u l t  f o r  th e  fo ld in g  m odel p o te n t ia l  
U^. The d a sh e d  c u rv e  show s th e  c o r re sp o n d in g  c a lc u la t io n  w hen th e  Tp 
p o te n t ia l  is  in c lu d e d . The p o te n t ia l  u se d  in  t h a t  c a lc u la t io n  is ' f o u r  
tim es  t h a t  o b ta in e d  u s in g  e q u a t io n  (3.3.5) and  th e  P a r is  d e u te ro n  
w a v e fu n c tio n  p a ra m e tr iz a t io n . T h e o re tic a lly , we f e e l  t h a t  t h i s  is  th e  
maximum Tp in te r a c t io n  s t r e n g th  w hich , w ith in  th e  m odel p re s e n te d , is  
c o n s is te n t  w ith  o u r  k n o w led g e  o f  th e  d e u te ro n  w a v e fu n c tio n  in  th e  
re g io n  o f 3 fm
I t  is  c le a r  t h a t  th e  in c lu s io n  o f  th i s  Tp p o te n t ia l  d o es  n o t 
im prove th e  s t r u c tu r e ,  o r  th e  p h a se , o f A^y. In  f a c t ,  in c re a s in g  th e  
p o te n t ia l  f u r th e r  (up to  a  f a c to r  o f te n  la rg e r ) ,  o n ly  s e rv e s  in  r a is in g  
th e  w hole A c u rv e  an d  'k i l l in g  o f f  m uch o f th e  s t r u c tu r e .yy
The lo a n n id e s - J o h n s o n  m odel p r e d ic ts  a  s m a lle r  Tp s t r e n g th  a t  
h ig h e r  e n e rg ie s  th a n  400 MeV. I t  w as fo u n d  t h a t  th e  in c lu s io n  o f a  Tp 
p o te n t ia l  a t  700 MeV h a d  ev en  le s s  o f an  e f f e c t  on th e  o b s e rv a b le s .
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Figure  12 C a lc u la te d  Tp te n s o r  p o te n t ia l  s t r e n g th  U^p(R = 0), f o r  th e  
t a r g e t  d e n s ity  d is t r ib u t io n  o f e q u a t io n  (3.3.5), as a fu n c tio n  o f  in c id e n t  
d e u te ro n  energy . The so lid  an d  d a s h e d  c u rv e s  a re  o b ta in e d  w hen  u s in g  
th e  P a r is  and  Bonn d e u te ro n  w av e f u n c t io n s ,  re sp e c tiv e ly .
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Figure  13 C a lc u la te d  r a d ia l  fo rm s o f  th e  Tp p o te n t ia l  fo rm fa c to rs  
U ^p(R ) o b ta in e d  u s in g  th e  P a r is  w a v e fu n c tio n . The d a sh e d , s o lid  an d  
d o t te d  c u rv e s  c o rre sp o n d  to  in c id e n t  d e u te ro n  e n e rg ie s  o f 300, 400 an d  
700 MeV.
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Figure  14 The te n s o r  a n a ly z in g , p o w er A f o r  ^® N i(d ,d)^  Ni a t  400 
MeV. D ashed  and s o lid  c u rv e s  show  th e  r e s u l t s  o f F o ld in g  m odel c a lc u ­
la t io n s  w ith  and w ith o u t an  ad d ed  Tp in te r a c t io n ,  re s p e c t iv e ly . D ata
a re  from  re f .  7.
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CHAPTER 4
TRIPLET BREAKUP DUE TO A CENTRAL POTENTIAL
4.1 E la s t ic -b re a k u p  c h a n n e l c a lc u la t io n s
O ur p ic tu r e  o f th e  d e u te ro n  so  f a r  h a s  b een  o f  a  v e ry  lo o se ly  
b o u n d  n -p  sy stem  w h ich  h a s  a  w a v e fu n c tio n  w ith  a  ra n g e  s im ila r  to  
t h a t  o f  th e  ta r g e t  n u c le u s . T hus, i t  is  n o t s u r p r is in g  th a t ,  w hen i t  
in t e r a c t s  w ith  th e  ta r g e t  a t  in c id e n t  e n e rg ie s  in  e x c e ss  o f 200 MeV, 
th e r e  is  a  h ig h  p ro b a b i l i ty  t h a t  i t  w ill b re a k  up . B reak u p  an d  s t r i p ­
p in g  r e a c t io n s  h a v e  b een  s tu d ie d  f o r  m any y e a rs  a n d  a re  s t i l l  th e  s u b ­
je c t  o f  m uch in te r e s t in g  an d  im p o r ta n t  r e s e a rc h  b e in g  c a r r ie d  o u t  by 
c o lle a g u e s  in  th e  N u c lea r P h y s ic s  g ro u p  a t  th e  U n iv e rs ity  o f S u rre y
and  th e  J a p a n e s e  g ro u p  a t  K yushu U n i v e r s i t y . ^ T h e s e  in e la s t i c  
r e a c t io n s  a re  n o t, h o w ev er, w ith in  th e  sco p e  o f th i s  th e s i s  w hich  is  
co n c e rn e d  w ith  e la s t ic  s c a t t e r in g  on ly . T h a t is , a  beam  o f p o la r iz e d  
d e u te ro n s  a re  f i r e d  a t  th e  t a r g e t ,  an d  d e u te ro n s  a re  o b se rv e d  a t  th e  
d e te c to rs .  N e v e r th e le s s , i t  i s  im p o r ta n t  to  r e a l i s e  t h a t  m any im p o r ta n t  
th in g s  may be g o ing  on w h ile  we a re  n o t lo o k in g ; in  th i s  ca se , w hen 
th e  d e u te ro n  is  w ith in  th e  f ie ld  o f  th e  t a r g e t  n u c le u s . One l ik e ly  
e v e n t is  th e  s u b je c t  o f  th e  r e s t  o f  th i s  th e s is :  th e  v i r t u a l  b re a k u p  o f  
th e  d e u te ro n . T h a t is ,  w hen  th e  d e u te ro n  h i t s  th e  t a r g e t  and  b re a k s  up  
b u t,  due  to  i t s  h ig h  in c id e n t  e n e rg y  an d  h en ce  th e  s h o r t  r e a c t io n  tim e, 
th e  p ro to n  an d  n e u tro n  a re  n o t  s e p a ra te d  v e ry  f a r  from  each  o th e r  
and  h en ce  can  reco m b in e  on th e  o th e r  s id e  o f th e  t a r g e t  to  fo rm  a 
d e u te ro n  ag a in . T h is  p ro c e s s  w ill b e  c a lle d  v i r t u a l  b re a k u p  to  d i s t i n ­
g u ish  i t  from  r e a l  b re a k u p  in  w h ich  th e  p ro to n  an d  n e u tro n  f ly  o f f
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from  th e  ta r g e t  in  d i f f e r e n t  d i r e c t io n s  ( th e  d e u te ro n  rem a in in g  in  th e  
b re a k u p  ch an n e l).
4.2 The tw o s te p  b re a k u p  fo rm a lism
The b re a k u p  te rm s  can  b e  s tu d ie d  e x p l ic i t ly  w ith in  a  tw o s te p  
c a lc u la t io n  a t  th e  a m p litu d e  le v e l. The e x a c t T -m a tr ix  e lem en t f o r  
e la s t ic  s c a t te r in g  is  w r i t te n ,  C ^ c l  ) >
<K ' I T(EX) I K> = <K ' I Tq(EX) | K> + <%(") | AV | , (4.2.1)
w h ere  th e  f i r s t  te rm  on th e  r ig h t  h a n d  s id e  is  th e  e x a c t lo w e s t o rd e r  
e la s t ic  a m p litu d e  c a lc u la te d  from  th e  W atanabe p o te n t ia l  ^
 ^^0 I ^ p  ^ ^ n  I ^0  ^ te rm  w as c a lc u la te d  in  c h a p te r  2. To seco n d
o rd e r  o n ly  in  b re a k u p  we w r ite  e q u a t io n  (4.2.1) as
<K ’ I T(EX) I K> :  <K ' I Tq(EX) | K> + <%(") | AV | %(+)> , (4.2.2)
w h ere   ^ an d  a re  th e  incom ing  and  o u tg o in g  d is to r t e d  w aves, 
and
. (4.2.3)
w h ere  and  a re  th e  c o u p lin g  p o te n t ia l s  from  th e  e la s t ic  c h a n ­
n e l ( s u b s c r ip t  0) to  th e  co n tin u u m  o f b re a k u p  c h a n n e ls  ( s u b s c r ip t  1).
is  th e  p ro p a g a to r  in  th e  co n tin u u m  and  th e  o p e r a to r  p ro je c ts  
o f f  th e  d e u te ro n  g r o u n d - s ta te  w a v e fu n c tio n . F o r th e  seco n d  o rd e r  
e la s t ic  am p litu d e  due  to  b re a k u p  we w ill u se  th e  n o ta t io n
AT(^)(EX) = . (4.2.4)
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In  v iew  o f th e  r a th e r  sh a llo w  n a tu re  o f  th e  n u c le o n - ta rg e t  
in te r a c t io n s  in  co m p ariso n  w ith  th e  in c id e n t  d e u te ro n  e n e rg ie s , i t  
seem s a p p ro p r ia te  a t  th i s  s ta g e  to  m ake tw o a p p ro x im a tio n s  to  e q u a ­
t io n  (4.2.4). F i r s t ,  th e  d i s to r t e d  w aves a re  re p la c e d  by  p la n e  w aves and  
seco n d , is  assum ed  to  b e  a  f r e e  p ro p a g a to r  w ith  r e g a rd  th e  
c e n tre -o f -m a s s  m otion . T hus, e q u a t io n  (4,2.4) becom es,
AT^^'(PW) = <K ' I I K> . (4.2.5)
w h ere  PW d e n o te s  p la n e  w aves an d  K, K' a re  th e  incom ing  and  o u tg o in g  
m om enta o f th e  d e u te ro n  in  th e  c e n tr e  o f m ass fram e.
In  mom entum sp ace , th e  p ro p a g a to r  is  w r i t te n  a s  
r d K "  |K " 0 ^ X K 'V ^  |
g [[®®(E) = (2n)^ E -E j^ -E j^ , ,  + ie (4.2.6)
w h ere  K " is  th e  in te rm e d ia te  mom entum o f th e  n -p  c e n tr e  o f m ass, k  
is  th e  n -p  r e la t iv e  m om entum , is  an  n -p  s c a t te r in g  s ta t e ,  an d  E is  
th e  in c id e n t d e u te ro n  e n e rg y  in  th e  c e n tre  o f m ass fram e.
A f u r th e r  im p o r ta n t an d  w e ll ju s t i f i e d  a p p ro x im a tio n  can  be  m ade 
to  th i s  p ro p a g a to r . T h is  is  th e  A d ia b a tic  A p p ro x im atio n  (AD) w hich  
s t a t e s  in  th i s  ca se  th a t ,  a s  th e  r e la t iv e  n -p  e n e rg y  E^  ^ is  sm all in  com­
p a r is o n  w ith  th e  in c id e n t d e u te ro n  en e rg y  and  th e  n -p  s c a t te r in g  
s ta te s ,  a re  lo c a liz e d  in  E^^, th e n  we can s e t
E -  Ej  ^ = Ë = c o n s ta n t  . (4.2.7)
The v a l id i ty  o f th e  A d ia b a tic  a p p ro x im a tio n  w as ch ec k ed  by s tu d y in g  
th e  d is t r ib u t io n  in  en e rg y  o f  th e  c o u p lin g  m a tr ix , | I »
f o r  s e v e ra l  v a lu e s  o f R an d  f o r  c o u p lin g  to  S -w ave b re a k u p  s ta t e s
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on ly . I t  w as fo u n d  t h a t  th e  S -w ave n -p  b re a k u p  s t a t e s  w ere  h ig h ly  
lo c a liz e d  in  e n e rg y  a t  a ro u n d  10 MeV fo r  th e  p -  Ni p o te n t ia l s  a t  200 
MeV. T h is  w as f e l t  to  ju s t i f y  th e  u se  o f th e  A d ia b a tic  ap p ro x im a tio n .
Now we se e  t h a t  th e  o n ly  d ep en d e n ce  on k  in  e q u a t io n  (4.2.4) is  in  
th e  n -p  s c a t te r in g  s ta t e s .  T h is  w ill  a llow  u s  to  u s e  c lo s u re  o v e r  r e l a ­
t iv e  m om enta k  l a t e r  in  th e  c a lc u la t io n s .
4.3 D e r iv a tio n  o f  th e  seco n d  o rd e r  am p litu d e
In  th i s  c h a p te r  we w ill ig n o re  sp in  d e p e n d e n t te rm s  and  c a lc u la te  
th e  seco n d  o rd e r  b re a k u p  c o n t r ib u t io n s  to  th e  e la s t ic  t r a n s i t io n  
m a tr ix  due to  c e n t r a l  p o te n t ia l s  on ly . T hus, th e  in te rm e d ia te  b re a k u p  
s t a t e s  w ill h a v e  sp in -1  ( lik e  th e  b o u n d  s t a t e  o f th e  d e u te ro n )  a s  th e  
c e n t r a l  p o te n t ia l  b e in g  a  r a n k  zero  o p e ra to r  in  s p in  sp a c e  c a n n o t f l ip  
th e  sp in . T h is ty p e  o f  b re a k u p  w ill be r e f e r r e d  to  a s  t r i p l e t  b re a k u p  
a s  o p p o sed  to  s in g le t  b re a k u p  w h ich  w ill be s tu d ie d  in  c h a p te r  7.
T hus, th e  seco n d  o rd e r  e l a s t ic  am p litu d e  due  to  b re a k u p  w h ich  
w as d e f in e d  in  e q u a t io n  (4.2.5) is  w r i t te n
AT^2)(pw) =ce dk
< ^ k K "  I |0 ( ,K >  . (4.3.1)
The tw o m a tr ix  e lem en ts  o f th e  l a s t  e q u a t io n  r e p r e s e n t  th e  co u p lin g  
p o te n t ia l s  an d  We n eed  c a lc u la te  o n ly  th e  r ig h t - h a n d  one,
a s  we can  u se  th e  p r o p e r t ie s  o f  tim e  r e v e r s a l  to  d ed u ce  th e  o th e r .
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The m a tr ix  e lem en t o f is  g iv e n  by
Vio(K.K",k) = <K"0^(r) I V=®(rp)+V^ ®(r„) |K0o(r)> (4.3.2)
w here  th e  g ro u n d  s t a t e  w a v e fu n c tio n  c o n s is ts  o f  a  ren o rm a liz e d  S -w ave 
com ponent only . The D -s ta te  t h a t  w as in c lu d e d  in  c h a p te r  2, is  ig n o re d  
h e re . T hus we h a v e
0 (,(r) = u (r)Y Q g (r)  = ^
^ 4  IT
(4.3.3)
The n -p  s c a t te r in g  w a v e fu n c tio n  is  d e f in e d  su c h  t h a t
= 1 -  |4^><0ol (4.3.4)
w h e re , ^ I  I \ i  '''j ' (4.3.5)
Now e q u a tio n  (4.3.2) can  be w r i t t e n  as
V ^Q (K ,K ",k ,i ,m) = dR ^ 6 - i K " - R u * ( l c , r ) Y j ^ ( r )  [V = ® ( |R ^ ||)
(4.3.6)
We w ill assum e t h a t  an d  a re  e q u a l ( ig n o rin g  th e  Coulom b 
te rm s in  F u r th e r ,  we w ill d e f in e  an  in te rm e d ia te  momentum
t r a n s f e r  v e c to r
Q = K -K ' (4.3.7)
H ence, e q u a tio n  (4.3.6) becom es
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 ^  ^  ^ dR ! d r  U g(r)u^ (k ,r)Y ^ ^ ( r )
v4ti •*
(4.3.8)
M aking th e  s u b s t i tu t io n ,  x  = R+ r /2  th e n
V iQ (K ,K " ,k ,j,m )  = ) [’ ^ V p ^ ( x ) e ^ ^ ~
>/47r
^ U Q (r )u ^  (k .r)Y ^  ^ ( r )  e ^ 2 - ^ ^
( l + ( - )  ) yCe^Q^
J ï i
^ U o ( r ) U j  ( k , r ) Y ^ ^ ( r )
e - iQ - l/2 (4.3.9)
w h ere  V^^(Q) is  th e  F o u r ie r  tr a n s fo rm  o f th e  n u c le o n - ta rg e t  c e n t r a l  
p o te n t ia l .
(4.3.10)
To f in d  th e  o th e r  c o u p lin g  p o te n t ia l  w h ich  a p p e a rs  a s  th e
le f t - h a n d  m a tr ix  e lem en t o f e q u a t io n  (4.3.1), we w ill u se  th e  p r o p e r t ie s  
o f th e  tim e r e v e r s a l  o p e r a to r  K.
I f  KÔK*** = , fo r  som e o p e r a to r  Ô. T hen o p e ra t in g  on b o th  s id e s
tfrom  th e  l e f t  w ith  K an d  from  th e  r ig h t  w ith  K g iv e s
0  = k ’*' o ’^ k
T h e re fo re , th e  m a tr ix  e lem en t o f th e  o p e ra to r  Ô b e tw ee n  th e  s t a t e s  
|0> and  |1> can  be  w r it te n ,
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< 1 |Ô |0 >  = [< 1 |K )(K O |0 > ]*  = [< 1 |K )(K (k ’*‘ô ’^ K ) |0 > ]*
t  * (4.3.11)= [<1 |K )Ô  (K |0 > ]  = < 0 |K )Ô (K |1 >
T hus, i f  we know  th e  m.e. <0 | Ô 11>, we can  u se  e q u a t io n  (4.3.11) to  f in d  
th e  tim e r e v e r s e  m.e. <1 | Ô | 0>. In  o u r  case ,
,m) = < K " k J m |V |K >
T h e re fo re ,
V Q ;^(K ",K ',k ,J ,m) = < K '|V lK " k i m >  = <K" J m | K)V(K | K'>
= (“ ) - m |V |- K '>  . (4.3,12)
We can  w r ite  an  e q u a t io n  f o r  V Q ^ (K " ,K ',k ,l  ,m) s im ila r  to  (4.3.9) f o r
V^q(K ,K " ,k , i  ,m), on ly  we re p la c e  m by -m , th e  dummy in te g r a t io n  v a r i ­
a b le  r  by  r ' ,  th e  in te rm e d ia te  m om entum  t r a n s f e r  v e c to r  Q by  Q'
(w here  ^ '  = K " -K ') ,  an d  m u ltip ly  by  th e  p h a se  f a c to r  (-)™.
^ 'u ^ ( r ' ) u ^  ( k ,r ')  Y ^ ^ ( r ')
S u b s t i tu t in g  fo r  th e  m.e.s in  e q u a t io n  (4.3.1) u s in g  e q u a t io n s  (4.3.9) an d  
(4.3.13):
.00
Ar^^(PW) = E f k^dk  
Jm  Jq
dK
;V „ ,(K " ,K ',k .J  ,m)- 1
(2n)^ ’ Ë-Ejç,,+iE
V ^Q (K ,K ",k ,J  ,m)
—48”
=   ^fi  m ‘*0 Zti —  V (Q)v (Q') K ’(Ztt) E -E „ ,,+ ie
d r ^ 'U g ( r )U g ( r ') u ^  (k ,r)u ^  ( k , r ‘)
Y* ( r )Y , ( î . ) e - i 2 - ï / 2 e - i Q '- ï ' / 2i m — 1 m — (4.3.14)
U sing c lo su re ,
»co
2
I m
k ^ d k  ( l  + ( - ) ‘^ ) u * (k ,r )U j (k ,r ')Y ^  1
.00
= 2 
1 m
k ^ d k  u * (k ,r )U j (k ,r ')Y * ^ ( r ) [Y ^
u  ( r )u  ( r ' )  u . ( r ) u  ( r ')
a ( r - r ' )  -    + 8 ( r + r ')  -  °47T
(4.3.15)
N otice  t h a t  we m ust s u b t r a c t  th e  g ro u n d  s t a t e  o f  th e  d e u te ro n  so  a s  
to  a v o id  'd o u b le  c o u n tin g ',  a s  te rm s  w ith  th e  d e u te ro n  as  an  i n t e r ­
m e d ia te  s t a t e  h av e  a lre a d y  b een  in c lu d e d  to  a l l  o rd e r s  in  th e  e la s t ic  
(W atanabe) te rm . T hus, s u b s t i tu t in g  in  e q u a tio n  (4.3.14),
= à "  V^^(Q)V*^^(Q')
( 2 % )  Ë - E „ , , + i e
d r d r ' U Q (r)u ^ (r ')
[ ô ( r - r ' )  + 5 ( r + r ')  ]
_2
4ti d r
■ ^ ■ u 2 ( r ) u 2 ( r ' ) e - 2 . r / 2 , - i 2 ' . r ' / 2
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1 [ ^ Y ! ! i 2 j v ! ! m ( r d r u 2 ( r ) e - l a . r / 2 ,  \ eirnhr) ^
E -E _ ,,+ ie  (J ~  ° J ~  °■%
(4.3.16)
w h ere  £ ,  th e  m om entum  t r a n s f e r  an d  w h ich  is  K " d e p e n d e n t, a re  
d e f in e d  as
a  = g + g '  = k - k ' , g '  = g - g '  = k +k ' - 2 k " . (4.3.17)
Since,
^ U Q ( r ) e  = 47: 2 2 ^ r  d ru Q (r)jQ (q r/2 ) , (4.3.18)
i f  we d e f in e
F (q ) = r^ d ru Q (r) jQ (q r /2 )  , (4.3.19)
th e n  e q u a t io n  (4.3.16) can  be  w r i t te n  in  th e  form
( 2 )A T  %PW) = 2 ce y ^ ^ (0 )V ^ ^ (Q ')  F (q ,q '.Q ,Q ')  . (4.3.20){ Z n r  E -E j^ ,,+ ie
F (q ,q ',Q ,Q ')  = F (q ) ‘ + F (q ')  -  2 F (Q )F (Q ')  . (4.3.21)
4.4 S -  and  D -w ave b re a k u p  on ly
As w as m en tio n ed  in  c h a p te r  1, th e  K yushu  g r o u p é h a v e  c a lc u ­
la te d  th e  c o n tr ib u t io n  to  b re a k u p  due  to  1=0 an d  1=2 r e la t iv e  n -p  
o r b i t a l  a n g u la r  mom entum  s ta t e s ,  ig n o r in g  h ig h e r  1 s ta t e s .  As a  ch ec k  
o f  th e  v a l id i ty  o f  th i s  a s su m p tio n , e q u a t io n  (4.3.20) can  be  w r i t te n
—50—
s u c h  t h a t  th e  c o n t r i b u t io n  from  t h e  d i f f e r e n t  1 s t a t e s . can  be  c a lc u ­
l a te d  in d e p e n d e n t ly .  I f  e q u a t io n  (4.3.21) i s  r e w r i t t e n  as
F(q,q',Q,Q') = r ^ d r u p ( r )  [ igC IS + Q ' | r / 2 ) + jg (  [Q -Q ' | r / 2 ) ]
-  2 F (Q )F (Q ') (4.4.1)
th e n ,  from  th e  p r o p e r t i e s  o f  s p h e r ic a l  B essel f u n c t io n s .
j o ( l 2 * 2 ' | r / 2 )  + j o ( | Q - Q ' | r / 2 )  = E (21+1) (Q r/2 )  j j  (Q 'r /2 )
[ P j ( S . S ' )  + P j ( - 2 .f i ' ) ]
= E ( 2 1 + l ) j j ( Q r / 2 ) j j ( Q ' r / 2 ) ( l + ( - ) - ' ) P j  (f i . f i ')  . (4.4.2)
So, i f  we d e f in e  a new fu n c t io n .
.00
Fj(Q.Q') =
0
r ^ d r u g ( r )  j j  (Q r/2 )  j j  (Q 'r /2 ) (4.4.3)
th e n  e q u a t io n  (4.3.20) becom es,
dK " _ c
AT^^^PW) = 2 ce   V (Q)V (Q') [ 2 ( 2 i + i ) F , ( Q , Q ' ) ( l  + ( - ) - ')( 2 t i )  E - E ^ i  , + i c  1
P j (f i . f i ')  - 2 F ( Q ) F ( Q ')  ] . (4.4.4)
T hus, to  i s o l a t e  th e  b r e a k u p  due  to  s p i n - t r i p l e t  S -w ave s t a t e s  
on ly  (i =0 ),
, ( 2 ) dK " „c .a t ; - '  (PW) = 2 f — ^  ^ ^ ! - l2 iX i2 ! ) (2 F  ( Q ,Q ' ) - 2 F ( Q ) F ( Q ') )  . (4.4.5)
J(2%)3 E-Eg.,,+ ie  °
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We o b s e rv e  t h a t
ATj^^l(PW) = 0 (as e x p e c te d ) ,
and, t h a t
(PW) = 2 V J 2 1 V _ (2 I )  I" 10 F (Q,Q') P , ( f i . f i ' ) l  . (4.4.6)
J(2%)3 E -E ^ , ,+ ie  > - 2  2 j
Figure  (15) show s a  co m p ar iso n  b e tw ee n  th e  b r e a k u p  a m p li tu d e s  to  
a l l  1 s t a t e s  and  to  S -w ave s t a t e s  only. When th e  c o n t r i b u t i o n s  from  
D-wave b re a k u p  w ere  ad d e d  to  t h e  S -w ave c o n t r ib u t io n s ,  t h e  r e s u l t i n g  
c u rv e  is  a lm o s t  i d e n t i c a l  w i th  th e  a l l  1 r e s u l t ,  im ply ing  t h a t  t h e
4K yushu  g ro u p  w ere  c o r r e c t  in  o n ly  c o n s id e r in g  S- an d  D - s t a t e s  in  
t h e i r  CDCC c a lc u la t io n s .
4.5 N um erical m e thods
A code w as w r i t t e n  to  s o lv e  t h e  in t e g r a l  in  e q u a t io n  (4.3.20). In 
t h i s  s e c t io n ,  t h e  i n t e g r a l  w il l  be  r e w r i t t e n  in  a  fo rm  t h a t  is  s im p le  to  
c a lc u la te  n u m erica l ly .  F i r s t ,  we w r i te  i t  a s  a  t h r e e  d im en s io n a l  i n t e g r a l  
in  t h e  s p h e r ic a l  p o la r  c o o r d in a te s  o f  th e  in t e g r a t i o n  v a r i a b le  K " ,  
(K” , 0 " , 0 " ) ,
AT^2) (p ^ )  ^ 2
(2it)^ •
Û ^ I „ ( K " )  , (4.5.1)
0 E - E g , , + i e  "
w here  I^(K") c o n ta in s  th e  a n g u la r  i n t e g r a t io n s ,  i.e.
in(K ") =
r7 t
sinG " d 0 "
0
r27l
d 0 " v ‘^ ®(Q)v‘=®(Q')F(q,q',Q,Q'). (4.5.2)
The r a d i a l  in t e g r a l  in  (4,5.1) was th e n  w r i t t e n  a s  an  in t e g r a l  o v e r  th e
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Figure  15 C r o s s - s e c t i o n s  f o r  ' ' “ N i ( d ,d ) '^ N i  a t  400 a n d  700 MeV. The 
d a s h e d ,  d o t t e d  an d  s o l id  c u rv e s  a r e  th e  r e s u l t s  o f  th e  F o ld in g  m odel 
on ly , w i th  a d d e d  c o n t r i b u t i o n s  f rom  S - s t a t e  b r e a k u p ,  an d  w ith  a d d e d  
c o n t r i b u t i o n s  f rom  b r e a k u p  to  a l l  1 - s t a t e s  r e s p e c t iv e l y .  The b r e a k u p  
c o n t r i b u t i o n s  w ere  c a l c u la te d  u s in g  th e  K y u sh u  p a r a m e te r s .
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e n e rg y  w hich  f o r  b r e v i t y  w il l  be  c a l le d  E “ . We u s e  t h e  r e l a t i v i s -
t i c  e x p re s s io n  d e f in e d  in  e q u a t io n  (2.3.6). Note t h a t  t h e  c o n s ta n t s ,  h  
and  c, a r e  in c lu d e d  e x p l i c i t ly  h e re .
K" = ^ ( E " t  -  . (4.5.3)
w h ere  E.p" = E "  + m^ is  t h e  t o t a l  e n e rg y  o f  th e  n -p  in te rm e d ia te  s t a t e  
in  th e  c.m. fram e. Hence
K" = ^ ( ( E "  + m^)2 -  m ^ )^ ' '^  = ^ ( E " 2  + . (4.5.4)
D i f f e r e n t ia t in g  th e  ab o v e  e q u a t io n  we o b ta in
K"^dK" = ^ ^ K " ( E "  + m ,)  dE" . (4.5.5)
(h c f  d
and  s u b s t i t u t i n g  b a c k  in to  e q u a t io n  (4.5.1),
û t (2 )(p w ) =  f — .  [ HjE^ l dE" _ (4.5.6)
(2ji)'*(îic) Jo E-Ej^,,+ie
w here
H(E") = K"(E" + m ^ )I^ (K " )  . (4.5.7)
To e v a lu a te  th e  ab o v e  in t e g r a l  n u m e rica l ly ,  we m ust  be  c a r e fu l  a b o u t  
t r e a t in g  th e  s in g u la r i ty .  We can  w r i te  th e  d e n o m in a to r
.  p -  i . « E  - E~, .
Thus to  i n t e g r a t e  b e tw ee n  tw o a r b i t r a r y  l im its ,  a  and  b, we "have
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a Ë -E ^ , ,+ ie
-  iirHCE) , (4.5.9)
a  Ê -  E"
w h ere  P d e n o te s  t h e  p r in c i p a l  v a lu e  in te g ra l .  T hus, t h e  f i r s t  te rm  in  
(4.5.9) i s  w r i t t e n
p (4.5.10)
Ja E -  E" 4  Ê - E "
The above  r e l a t i o n  i s  t r u e  p r o v id e d  th e  i n t e g r a t i o n  l im its  a r e  e q u i d i s ­
t a n t  from  th e  p o le  (ie. p r o v id e d  E - a  = b -E ) .  I t  was fo u n d  t h a t  t h e  f u n c ­
t i o n  H(E") f a l l s  o f f  r a p id ly  on  e i t h e r  s id e  o f  th e  p o le  E due  to  t h e  
s h a r p  f a l l - o f f  o f  t h e  F o u r ie r  t r a n s f o r m  fu n c t io n s ,  V^^(Q) an d  V ^^(Q '), 
w h ich  a re  show n in  Figure  16. The l im its  o f  i n t e g r a t i o n  w ere  s e t  to  
be, a=0 and  b=2E. Thus, t h e  i n t e g r a l  to  be s o lv e d  can  be  w r i t t e n
AT^^^(PW) =
0 E - E ”
(4.5.11)
In t h e  a n g u la r  i n t e g r a t i o n  d e f in e d  in  e q u a t io n  (4.5.2), t h e  fu n c ­
t io n s ,  V^®(x) and  F(x) (w here  th e  a rg u m e n t  x can  be  Q,Q',q o r  q'), w ere  
c a lc u la te d  s e p a r a t e ly  an d  s to r e d  on g r id s  a t  e q u a l ly  sp a c e d  i n t e r v a l s  
in  X. A f o u r  p o in t  i n t e r p o l a t i o n  r o u t i n e  was th e n  u s e d  to  c a l c u la te  t h e  
fu n c t io n s  a t  th e  r e q u i r e d  v a lu e s  o f  t h e  a rg u m e n ts .  All t h e  i n t e g r a l s  
w ere  done  u s in g  th e  m e thod  o f  G au ss ian  q u a d r a t u r e  a n d  th e  num b er  o f  
q u a d r a t u r e  p o in t s  was in c r e a s e d  u n t i l  co n v e rg e n ce  w as o b ta in e d .
The b e h a v io u r  o f  each  o f  t h e  in te g r a n d s  o f  th e  v a r io u s  in t e g r a l s  
was s tu d ie d  to  d ec id e  on t h e  m ost s e n s ib le  s t e p  s iz e s  an d  in t e g r a t i o n  
l im its  w ith  w h ich  a  b a la n c e  b e tw e e n  a c c u ra c y  and  sp e e d  o f  c a l c u la t io n  
cou ld  be o b ta in e d .
'•55“
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Figure  16 The F o u r ie r  t r a n s fo rm s  o f  th e  n u c l e o n - t a r g e t  c e n t r a l  and  
s p in - o r b i t  p o t e n t i a l s  d e f in e d  in  e q u a t io n s  (4.3.10) an d  (6.2.10) r e s p e c ­
t iv e ly .  The s o l id  an d  d a sh e d  c u rv e s  a re  d u e  to  t h e  GF an d  K yushu  
p o te n t i a l  p a r a m e te r s ,  r e s p e c t iv e ly .
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A p o in t  w o r th  m e n tio n in g  is  th e  way in  w h ich  we t r e a t e d  th e  
f u n c t io n  F^(Q ,Q ’). T h is  f u n c t i o n  w as d e f in e d  in  e q u a t io n  (4,4.3) a n d  w as 
u s e d  in  t h e  e x p re s s io n  to  o b ta in  t h e  a m p li tu d e  f o r  b r e a k u p  to  i n d i v i ­
d u a l  J s t a t e s .  I t  i s  d e s i r a b l e  to  w r i te  t h i s  f u n c t io n  o f  tw o v a r i a b le s ,  Q 
an d  Q', in  te rm s  o f  tw o new f u n c t io n s  o f  one v a r i a b l e  each . We u s e  t h e  
r e l a t i o n
s in (Q r /2 )  s in (Q 'r /2 )  = - | [ c o s ( a r / 2 )  + c o s ( /3 r /2 ) ]  , (4.5.12)
w h ere  a  = Q + Q' , an d  ^ = Q -  Q' . Thus, we can  w r i t e  t h e  f u n c t io n
Fq(Q,Q') =
-C O
r ^ d r  Ug(r) j g ( Q r /2 ) ]Q (Q 'r/2 )
QQ [ y(a) + y(/3) ] (4.5.13)
w here
y(a) =
y(3) =
,0 0
0
,00
d r  u ^ ( r )  c o s ( a r / 2 )
d r  u ^ ( r )  cos(f3 r/2 )
(4.5.14a)
(4.5.14b)
Now, we n eed  on ly  e v a lu a te  one  fu n c t io n ,  y(x), an d  s t o r e  i t  on a  g r id .  
F o r  eac h  s e t  o f  v a lu e s  o f  Q a n d  Q' we in t e r p o l a t e  b e tw ee n  p o in t s  on 
th e  g r id  to  f in d  th e  v a lu e  o f  t h e  f u n c t io n  f o r  t h e  c o r re s p o n d in g  
v a lu e s  o f  a an d  fB.
The same m ethod  w as u s e d  to  e v a lu a te  t h e  f u n c t io n  F^(Q,Q ') u s e d  
to  c a lc u la te  t h e  c o n t r i b u t i o n  from  D - s t a t e  b re a k u p ,  a l th o u g h  in  t h i s  
c a se  t h e r e  a re  f iv e  d i f f e r e n t  f u n c t io n s  o f  a  an d  /3 w h ich  w ill  n o t  be  
e l a b o r a te d  on h e re .
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4.6 A u s e f u l  check
( 2 )A  s im ple  ch ec k  o f  t h e  c o r r e c t n e s s  o f  th e  e x p r e s s io n  f o r  AT^^'(PW)
in  e q u a t io n  (4.3.20) i s  to  s e t  t h e  G reens  f u n c t io n  to  some c o n s ta n t .
( 2 )T his  e n a b le s  u s  to  e v a l u a te  AT^^'^(PW) a n a ly t ic a l ly  a n d  com pare  t h i s  
v a lu e  w ith  th e  n u m e ric a l  one. Once th e  G reens f u n c t io n  h a s  b een  
r e p la c e d  by  a c o n s ta n t ,  t h e r e  a r e  tw o  ways o f  a r r iv i n g  a t  t h e  a n a l y t i ­
c a l  e x p re s s io n .  The f i r s t  m e th o d  s t a r t s  from  e q u a t io n  (4.3.1), an d  th e  
seco n d  i s  to  w o rk  b a c k w a rd s  from  e q u a t io n  (4.3.20). In  t h i s  s e c t io n  I 
w il l  u s e  t h e  fo rm e r  m ethod .
F i r s t ,  t h e  fo l lo w in g  s u b s t i t u t i o n  is  made in  e q u a t io n  (4.3.1):
1 1 -  c o n s t a n t
T h e re fo re ,  e q u a t io n  (4.3.1) becom es,
AT^,^^(PW) = ce
, dK'
dk < '^ n K ' |V „ + V „ U ,  K " >
(2n)3 0 -  ' P k -
< ^ k k " | V p + V ^ | 0 o K >  . (4.6.1)
We can  now u s e  t h e  c lo s u r e  r e l a t i o n  f o r  each  o f  t h e  tw o in t e g r a l s ,
1) I  ^ 1 0 1 ^ X 0 1 ^ 1  = ^ ~ \<I>q ><^q \ » (4.6.2)
11
2 )
T h e re fo re ,  
, (2 )
(2it)
3 | K " X K "  I = 1 . (4.6.3)
^^T|:g'(PW) = IE -  < 0 ( ,K ' |  [ V  W  ] ( 1 -  |^ Q > < < » o |) [V  +V ^] |^ „ K >
58-
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-  < K ' |  ( < f o l  [Vp+V^] k o >  |K >  ]
Ï T  ' k ' l  { < ^ o | V ^ l ^ o >  '
+ 2 < '^ o l ^ p V n l ^ o '  -  ]  I S '
= I E :  < K 'l  [ < ^ o |V p ( V p  + V ^ ) |ÿ Q >
- 2 < ^ o l ^ p l ' ^ o '  ] IS >
iE (4.6.4)
Now, i f  Tp = X a n d  = x' th e n ,
m.e. 1 - 4n
1
2
d r  Ug(r) Vp(x) [ V ^(x) + V ^ (x ') ] u ^ ( r )
^  2 , 2 / X ^r  d r  u « ( r )0 "Lidfi Vp(x) [V p (x )  + V ^(x ’) ] (4.6.5)
a lso .
(m.e. 2 ) = i  [ r ^ d r u ^ ( r )  [ d ^ V  (x)-  Jq  ^ J - i  P
F^(R) = I ‘i
(4.6.6)
w h ere  |Li=r.R/rR.
As x = I R + r  / 2 I a n d  x ' = | R -  r  / 2 | , we can  d e f in e
tw o p o te n t i a l s ,  F^(R) an d  F 2 (R) by.
dfi Vp(x) [ Vp(x) + Vj^(x') ] (4.6.7)
and,
- 5 9 -
F^CR) =
- 1
dji Vp(x) (4.6.8)
w h ere  we n o te  t h a t  V (x ')  = V (x ')  .n^ P
Thus, s u b s t i t u t i n g  b a c k  in t o  e q u a t io n  (4.6.4),
a t | ,^ ) (p w )  = ^  < K ' | ( F ^ ( R )  -  F 2 ( R ) ) |K >
= ^  J  R^dR jg (qR ) ( F^(R) -  F^(R) ) . (4.6.9)
The l a s t  e q u a t io n  p ro v e d  to  be  a v e ry  good c h e c k  o f  th e  n u m e r i­
ca l  w o rk  and  p ro v id e d  c o n f id e n c e  in  th e  com plex com pu ting  m e thods .
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CHAPTER 5 
TRIPLET BREAKUP IN GLAUBER THEORY
5.1 The u s e f u ln e s s  o f  G la u b e r  th e o ry
The m ost s ig n i f i c a n t  s im p l i f ic a t io n  made in  t h e  fo rm alism  o f  t h e  
p r e v io u s  c h a p t e r  was to  ig n o re  t h e  e f f e c t s  o f  d i s t o r t i o n  in  t h e  incom ­
ing  and  o u tg o in g  w aves an d  in  t h e  p ro p a g a to r .  T h is  a p p ro x im a t io n  was
assum ed  to  be  v a l id  in  th e  e n e rg y  re g io n s  in v o lv e d ,  w h e re  E »  V . A
3 5b e t t e r  h ig h  en e rg y  a p p ro x im a t io n  du e  to  R.J. G lau b e r  (1959) can  be  
ap p l ie d ,  w hich  r e t a i n s  t h e  e f f e c t s  o f  d i s to r t i o n  an d  can  t h u s  be  u s e d  
as  a check  o f  t h e  PW fo rm alism . A n o th e r  ch eck  p ro v id e d  by G lau b er  
th e o ry  i s  o f  t h e  im p o r ta n c e  o f  h ig h e r  o r d e r  b r e a k u p  te rm s ,  w h ich  w ere  
ig n o re d  in  c h a p te r  3. The m a jo r  d ra w b a c k  o f  G lau b e r  th e o ry  i s  th e  d i f ­
f i c u l ty  in  in c lu d in g  s p in - d e p e n d e n t  e f f e c t s ,  s u c h  a s  t h e  a d d i t io n  o f  
th e  sp in  o r b i t  p o te n t ia l .  U lt im a te ly ,  t h i s  h a s  to  be  done  to  c l a r i f y  th e  
ro le  o f  b re a k u p  e f f e c t s  on th e  e l a s t i c  sp in  o b s e rv a b le s .
The d i f f i c u l ty  o f  in c lu d in g  a s p in - o r b i t  p o t e n t i a l  w ill  be  d i s ­
c u s se d  l a t e r  in  t h i s  c h a p te r ,  a f t e r  t h e  s t r u c t u r e  o f  t h e  G lau b e r  
w a v e fu n c t io n  and  th e  e x t r a  c o m p lic a t io n s  due  to  th e  t h r e e  body  f o r ­
malism h a v e  b een  d is c u s se d .
5.2 B ackg round  th e o ry
G lau b er  th e o ry  p ro v id e s  a  v e r y  u s e fu l  a p p ro x im a t io n  f o r  t h e  
s c a t t e r i n g  w a v e fu n c t io n  in  t h e  h ig h  e n e rg y  l im it .  In  t h i s  l im it ,  fo rw a rd  
s c a t t e r i n g  i s  a ssum ed  to  d o m in a te  and  th e  e n e rg y  o f  t h e  in c id e n t
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p a r t i c l e  g r e a t ly  e x ce ed s  t h e  m a g n itu d e  o f  th e  i n t e r a c t i o n  p o te n t ia l .
The en e rg y  s h o u ld  a lso  be  la rg e  en o u g h  t h a t  t h e  r e d u c e d  w a v e le n g th  
o f  t h e  p a r t i c l e ,  1/k , i s  much s m a l le r  th a n  th e  p o t e n t i a l  d i f fu s e n e s s ,  a, 
i.e.
^  «  1 , k  a  »  1 . (5.2.1)
In  t h i s  s e c t io n  we w il l  o u t l in e  t h e  d e r iv a t io n  o f  th e  s c a t t e r i n g
w av e fu n c t io n ,  ^ (k , r ) ,  in  t h i s  h ig h  en e rg y  ( s e m i-c la s s ic a l  a p p ro x im a -
59t io n )  w h ich  i s  e x p la in e d  in  d e p th  in  th e  l i t e r a t u r e  , p a r t i c u l a r l y  in  
G la u b e r 's  o r ig in a l  a r t i c le ^
S ta r t in g  from  th e  i n t e g r a l  e q u a t io n  f o r  0 ' ,
27rh^ r  -  r
V ( r ' ) 0 ( k , r ' ) d r *  , (5.2.2)
th e  w a v e fu n c t io n  is  a ssum ed  to  be  w r i t t e n  in  th e  form
0 ^ ^ \ k , r )  = e^—-  p ( r )  , (5.2.3)
w here  p ( r )  i s  a  m o d u la t io n  f u n c t io n  g iven  by  (from th e  above  tw o 
e q u a t io n s ) ,
p ( r )  = 1 ----^  I J r  ,1 ' e ~ ^ - ‘^ -~ -   ^V ( r ' ) p ( r ' ) ^ '  . (5.2.4)
27rh“ J I -  -  I
In  t h e  h ig h  e n e rg y  l im it  t h e  p ro d u c t  Vp s h o u ld  v a r y  s low ly  o v e r  a
d is ta n c e  o f  t h e  o r d e r  o f  t h e  r e d u c e d  w a v e le n g th  1/k , so t h a t  c o n t r i b u ­
t io n s  to  th e  in t e g r a l  from  re g io n s  in  w hich  th e  e x p o n e n t  v a r i e s  
r a p id ly  s h o u ld  be sm all.  The l a r g e s t  c o n t r i b u t io n  to  t h e  in t e g r a l  w il l  
o c c u r  w hen r  -  r ' i s  ro u g h ly  p a r a l l e l  to  k ,  s in c e  in  t h i s  case  
e x p [ i k | r - r ' |  - i k . ( r - r ' ) ]  i s  a lm o s t  s ta t io n a ry .
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We make th e  s u b s t i t u t i o n
2u  = r - r '  , ^  = u  du  dw d 7) , w = k .u /k u  ,
an d  i n t e g r a t e  o v e r  dw by p a r t s  k e e p in g  on ly  t h e  le a d in g  te rm . T h is  
g iv es
p ( r )  = 1 +—^  [ u ^ d u di)
i k u ( l - w)
ik u '
V (r  -  u )  p ( r  -  u )
+ 1
-1
w h ere  t h e  p ro d u c t  Vp v a r i e s  a p p re c ia b ly  on ly  w i th in  t h e  d is ta n c e ,  d, 
w hich  i s  assum ed  to  be  much l a r g e r  th a n  1/k. U sing  th e  same a r g u ­
m ent a s  b e fo re ,  we t a k e  t h e  c o n t r i b u t i o n  from  th e  l im i t  w = - l  t o  be  
n e g l ig ib le  and  e v a lu a te  t h e  in t e g r a n d  a t  t h e  l im i t  w = + l  o r  u p a r a l l e l  
to  k ,  w h ich  g iv es
r®p ( r )  = 1 I  V (r  -  u ) p ( r - u )  du
 ^ f ïv V (r  -  k s )  p ( r  -  k s )  ds  , (5.2.6)
w h ere  y = h k / p .  The s o lu t i o n  o f  t h i s  in t e g r a l  e q u a t io n  is
p ( r )  = exp  [ V (r  -  k s )  d s ] (5.2.7)
so t h a t  th e  a p p ro x im a t io n  to  th e  w a v e fu n c t io n  is
= e x p [ i k . r  '  |  V ( r - E s ) d s ] (5.2.8)
I f  we choose  th e  z -a x is  a long  th e  d i r e c t io n  k  o f  t h e  in c id e n t  beam, 
i n t e g r a l s  a long  th e  p a t h  s can  be  w r i t t e n  as
~63~
poo rZ
V ( r - k s ) d s  = V (xyz')dz' , (5.2.9a)Jn J-m
V (r  + k s ) d s  = V (xyz')dz ' , (5.2.9b)
z
2 2 2o r  s u b s t i t u t i n g  b = x  + y , e q u a t io n  (5.2.8) becom es
0 Q ^ ( k , r )  = e x p [ ikz  -  ^  V(b + k z ')d z ']  . (5.2.10)
J - C O
As G lau b er  p o in t s  o u t ,  t h i s  do es  n o t  lo o k  l i k e  a  v e ry  good 
s c a t t e r in g  w a v e fu n c t io n  as  i t  do es  n o t  c o n ta in  a  s p h e r i c a l  o u tg o in g  
wave. However, t h e  a rg u m e n ts  from  w hich  i t  is  d e r iv e d  a r e  on ly  
in te n d e d  to  h o ld  w i th in  t h e  vo lum e d e f in e d  by th e  p o te n t i a l  an d  i t  i s  
f rom  o u r  know ledge  o f  t h e  w a v e fu n c t io n  w ith in  t h i s  r e g io n  t h a t  we 
d e r iv e  t h e  s c a t t e r in g  a m p li tu d e .  T hus  e q u a t io n  (5.2.10) n eed  n o t  be  an  
a c c u r a te  r e p r e s e n t a t i o n  o f  t h e  w a v e fu n c t io n  e lsew h ere .
5.3 C a lc u la t io n  o f  t h e  t r a n s i t i o n  am p litu d e
To c a lc u la te  t h e  t r a n s i t i o n  a m p li tu d e  in  G la u b e r  th e o ry  due  to  
c e n t r a l  p o t e n t i a l s  on ly , we w r i te
T^^(GL) = < K > o  I I > , (5.3.1)
w h ere  <f>Q i s  t h e  re n o rm a l is e d  S -w ave  p a r t  o f  th e  d e u te ro n  g ro u n d  s t a t e  
w a v e fu n c t io n  d e f in e d  in  e q u a t io n  (4.3.3). The f u n c t io n  0 ^  i s  d e f in e d  
in  e q u a t io n  (5.2.10) b u t  w i th  an  im p o r ta n t  d i f f e re n c e .  E q u a t io n  (5.2.10) 
was f o r  th e  tw o body  c a se  an d  so th e  p o te n t i a l  in  t h e  e x p o n e n t ia l  was 
s im ply  a  fu n c t io n  o f  t h e  p o s i t i o n  v e c to r ,  r  = (xyz') o f  th e  p r o je c t i l e  
w ith  r e s p e c t  to  t h e  t a rg e t .  Now th e  p o te n t i a l  i s  a  fu n c t io n  o f  tw o
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v a r ia b le s ,  t h e  c.m. an d  r e l a t i v e  c o o rd in a te s  o f  t h e  th r e e - b o d y  system ,
R and  r  r e s p e c t iv e ly .  So, t h e  w a v e fu n c t io n  i s  d e f in e d  as
0 q^ l (K ,R ,£)  = e^—— p ( R , r )  (5.3.2)
w h ere   ^ i f  t h e  V e c t o r  i s  c ie f in ec t  a s  -  C R-a 3 ^ 3  ) ^
r 3 (5.3.3)p ( R , r )  = exp  [ - i c  I (R ,r )d R ^ '  ]m
w h ere  V^®(R,r) i s  t h e  sum o f  t h e  tw o n u c le o n  c e n t r a l  p o te n t i a l s ,  i.e. j
v f C R . r )  = V ^ ^ I R ^ I )  + V - ( | R - § | )  , (5.3.4) I
^dan d  c i s  a  c o n v e n ie n t  c o n s ta n t ,  c = — (ju , i s  t h e  re d u c e d  m ass o f  '
f / K  ^
th e  d e u t e r o n - t a r g e t  system ).
W riting  e q u a t io n  (5.3.1) in  in t e g r a l  form,
T^g(GL) = j d r ÿ * ( r )  j d R  e '^ k ' - E  V^®(R.r) , p ^ * k K ,R , r )  ^ ^ ( r )
= [ d r ÿ g ( r )  V^®(R,r) p ( R , r )  , (5.3.5)
and  c h o o s in g  t h e  z -a x is  to  be  a long  K, we can  w r i te
R = b + RR^ (5.3.6)
w h ere  b is  n o rm al to  K and
R^= R^ + R2 + R3 = b^ + R3 . (5.3.7)
We can  th e r e f o r e  w r i te
r<i(2 )b ■ " dRs 
-  00
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F o r  sm all  s c a t t e r in g  a n g le s ,  £  i s  sm all  and  a lm o s t  p e r p e n d ic u la r  t o  K, 
t h e r e f o r e  £ . R  ~ 0
So, s u b s t i t u t i n g  f o r  R from  e q u a t io n  (5.3.6) in to  (5.3.5) we o b ta in ,
Tcg(GL) = j ^ ÿ g ( r ) r<i(2 )b
.00
d R ,  V ^ ® ( R , r )  p ( R , r )  . ( 5 . 3 . 8 )
From e q u a t io n  (5.2.6) we can  w r i te ,
p ( R , r )  = l  -  ic
R.
- 0 0
■V^r(E'.i;)p(R’ r )d R 3 ' ( 5 . 3 . 9 )
and  th u s ,
^ = - i c v f  ( R . r ) p ( R . r ) ( 5 . 3 . 1 0 )
Upon s u b s t i t u t i n g  in to  th e  e x p r e s s io n  f o r  th e  a m p l i tu d e  (5.3.8), we th u s  
o b ta in  th e  r e l a t i o n
^ 0p(r)
-00  3
i% (h ,r) (5.3.11)
w here  th e  p r o f i l e  f u n c t io n  % (b,r) i s  d e f in e d  by
«00I __ce/T^;%(b,r) = -c  j (R , r )  dR , (5.3.12)
N ote t h a t  t h e  d i f f e r e n c e  b e tw ee n  th e  in t e g r a l  in  t h e  e x p o n e n t  in  
e q u a t io n  (5.3.3) an d  t h e  i n t e g r a l  in  (5.3.12) is  t h a t  t h e  l a t t e r  h a s  an  
u p p e r  l im i t  o f  in t e g r a t i o n  o f  oo i n s t e a d  o f  R^. T hus, % is  a  f u n c t io n  o f  
R^,  Rg an d  r ,  o r  b an d  r .
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As th e  p o t e n t i a l  in  (5.3.12) i s  a x ia l ly  sym m etric  we can  c a r r y  o u t  
th e  az im u th a l  an g le  in t e g r a t i o n  in  e q u a t io n  (5.3.11) to  y ie ld ,
.00
b d b J « ( q b )  
0 ^
‘ d (2 ) b e U - b  = f b d b  r  e^abcosÿ^
Thus, th e  G lau b e r  t r a n s i t i o n  a m p li tu d e  can  be  w r i t t e n
T c g (G L )= k l i  I  b d b  J g ( q b )  j" d rÿ ^ ( r )  [ -  1 ]  , ( 5 . 3 . 1 3 )
an d  th e  s c a t t e r in g  a m p li tu d e  i s  th e n  g iven  by  
f ( 0 ) = - ^ ^  T (GL)
2x11^  ce
= -lK  J b d b  J g ( 2Kb s i n e / 2 ) ^ ÿ g ( r )  [ e^ '^^b.r) _ _ (5.3.14)r
T his  e q u a t io n  d i f f e r s  from  th e  s t a n d a r d  e x p re s s io n  in  t h e  l i t e r a ­
t u r e  d u e  to  th e  e x t r a  ' fo ld in g '  ty p e  in t e g r a l  o v e r  r .
In  o r d e r  to  s e p a r a t e  o u t  t h e  'W atanabe ' te rm  from  th e  b r e a k u p  
te rm s  we r e w r i t e  t h e  p o t e n t i a l  in  e q u a t io n  (5.3.4) as
y c e  = )+ d p n d
w h ere  U^® is  th e  fo ld e d  c e n t r a l  p o t e n t i a l  o f  t h e  d e u te r o n  g iv e n  by
Thus, we can  r e w r i t e  (5.3.12) a s
%(h,r) = + %_(b,r) , (5.3.15)
w here
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fOO
%j,(b) = - c  J U j^ d R g '  , (5.3.16)
and
X  (b , r )  = -  c ( ) dR , ' . (5.3.17)- a .  P "  d  '  3
I f  we lo o k  b a c k  a t  th e  b r a c k e te d  te rm  in  e q u a t io n  (5.3.13), we can  
ex p a n d  t h i s  a s
^ i . ( b . r )  .  ,  ^ _ « - ( b . r )  ^
i%d(b)  ^ 1 2
-  e ( 1 + i%_ -  2 %_ + •••) “ 1
i%d(b) i%d(b)= ( e  -  1 ) + ie  %_(b,r)
I f  we s u b s t i t u t e  b a c k  in to  e q u a t io n  (5.3.13) we se e  t h a t  t h e  seco n d  
te rm  in  th e  above  e x p re s s io n  v a n i s h e s  id e n t i c a l ly  b e c a u se
2d r 0Q (r); t_ (b ,r)  = -c d R 3 ' < 0 o | V ^ - U d U o >
= - c  I "  d R ] ' ( U a  -  U ^ )  = 0
CO
T h e re fo re ,  to  seco n d  o r d e r  in  t h e  e x p a n s io n  o f  t h e  b r a c k e t  in  
e q u a t io n  (5.3.18), we can  s u b s t i t u t e  b ack  in to  e q u a t io n  (5.3.13). We see  
t h a t  t h e  f i r s t  te rm  is  s im i la r  to  t h e  o r ig in a l  one  a n d  is ,  in  f a c t ,  t h e  
W atanabe am p li tu d e .  The seco n d ,  te rm  c o r r e s p o n d s  to  t h e  seco n d  
o r d e r  e l a s t i c  a m p li tu d e ,  du e  to  b re a k u p .  Thus, we w r i te
-68“
T^g(GL) = T^g(GLW) + AT^g)(GL) (5.3.19)
w here
Tce(GLW) = ^ r® i%d(b)b db  J„ (2 K b s in 0 /2 )  ( e -  1 ) , (5.3.20)
0 ^
and
•® i%^(b)AT^2)(GL) = A b d b  J ^ ( 2 K b s in e /2 ) e  ^ 
0
^ 0 g ( r )  %^(b,r) . (5.3.21)
Figure  (17) show s a  c o m p ar iso n  o f  t h e  d i f f e r e n t i a l  c r o s s - s e c t io n s  
5 8f o r  t h e  d -  Ni sy s tem  a t  400 an d  700 MeV o b ta in e d  w ith  on ly  c e n t r a l
p o t e n t i a l s  (no Coulomb) u s in g  th e  code DDTP an d  e q u a t io n  (5.3.20). B oth
c u rv e s  a r e  du e  to  th e  e x a c t  W atanabe  am p li tu d e  an d  show  c le a r ly  t h a t
G lau b er  th e o ry  i s  v e ry  good be low  25°. I t  i s  know n th a t ,  in  t h e  case
o f  p r o to n  s c a t t e r in g ,  G la u b e r  th e o r y  b r e a k s  down f o r  a n g le s  g r e a t e r
5 8th a n  25 d e g re e s  o r  so  . Of c o u r s e  one m us t rem em ber t h a t  t h e r e  a r e  
no s p in - o r b i t  o r  Coulomb p o t e n t i a l s  in c lu d e d  in  t h e  c u r r e n t  c a l c u la ­
t io n s ,  so  one c a n n o t  e x p e c t  to  m ake co m p ar iso n s  w i th  th e  d e u te r o n  
s c a t t e r in g  d a ta .
As f a r  a s  v i r t u a l  b r e a k u p  i s  co nce rned ,  e q u a t io n  (5.3.21) is
e x p e c te d  to  be  a  more a c c u r a te  a p p ro x im a t io n  o f  t h e  VGV a m p li tu d e
th a n  th e  PW e x p re s s io n  d e r iv e d  in  th e  l a s t  c h a p t e r  due  to  th e  p r e s -
i%d(b)ence o f  t h e  d i s to r t i o n  f a c to r ,  e , in  e q u a t io n  (5.3.21).
To se e  t h e  im p o r ta n c e  o f  d i s to r t i o n s ,  w h ich  w ere  n o t  in c lu d e d  in
(2)t h e  PW form alism , th e  a m p li tu d e ,  AT^^'(GL) was c a lc u la te d  b o th  w i th
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and  w i th o u t  t h e  d i s t o r t i o n  f a c to r .  Figure  (18) show s th e  r e s u l t s  o f
5 °t h e s e  c a lc u la t io n s  f o r  t h e  d -  "^Ni system  a t  400 an d  700 MeV. I t  i s  s e e n  
t h a t  n o t  on ly  i s  t h e r e  a  c l e a r  d i f f e r e n c e  in  th e  m a g n itu d e s  o f  t h e  tw o 
a m p li tu d e s  b u t ,  m ore im p o r ta n t ly ,  d i s to r t i o n  h a s  a  c r u c i a l  e f f e c t  on 
th e  p h a se .  Thus, any  c a l c u la t io n  o f  b re a k u p  a m p li tu d e s  w hich  d o es  n o t  
in c lu d e  d i s to r t i o n s  may n o t  r e s u l t  in  t h e  c o r r e c t  f i n a l  am p li tu d e ,  du e  
to  t h e  s e n s i t i v e  s u p e r p o s i t i o n  a n d  c a n c e l l a t io n  t h a t  o c c u rs  w hen  th e  
seco n d  o r d e r  a m p li tu d e  i s  ad d e d  to  th e  W atanabe  am p li tu d e .  T hus  th e  
o b ta in e d  o b s e rv a b le s  m igh t n o t  be  re l i a b le .
Figure  19 show s th e  e l a s t i c  c ro s s  s e c t io n s  w i th  t h e  a d d ed  G lau b e r  
a m p li tu d e s  from  Figure  18. The tw o c u rv e s  show  t h e  la rg e  e f f e c t s  o f  
d i s to r t io n .  Figure  20 show s t h e  e f f e c t  o f  t h e  r e a l  a n d  im ag in a ry  p a r t s  
o f  th e  d e u te ro n  fo ld e d  p o te n t i a l ,  on t h e  e x p o n e n t  o f  t h e  d i s t o r ­
t io n  f a c t o r  d e f in e d  in  e q u a t io n  (5.3.16). I t  i s  c l e a r  t h a t  th e  im ag in a ry  
p a r t  o f  %^(b) i s  l a r g e r  t h a n  t h e  r e a l  p a r t  and  c a u s e s  th e  d i s t o r t i o n  
f a c t o r  to  a c t  a s  a  dam ping te rm  in  e q u a t io n  (5.3.21).
One id e a  f o r  a c c o u n t in g  f o r  t h i s  d i s to r t i o n  e f f e c t  was to  d e f in e  a 
d i s t o r t i o n  f a c to r ,  b e in g  th e  r a t i o  o f  th e  G lau b e r  a m p li tu d e  w ith  and  
w i th o u t  d i s to r t io n .  T h is  f a c t o r  m igh t th e n  be  a p p l ie d  to  t h e  PW am p li­
tu d e s  to  a c c o u n t  f o r  d i s to r t i o n .  As we w il l  be  c a l c u la t in g  th e  s p in -  
d e p e n d e n t  a m p li tu d e s  f o r  s p i n - t r i p l e t  and  s p in - s in g le t  b r e a k u p  in  t h e  
n e x t  tw o  c h a p te r s ,  to  s im ply  m u l t ip ly  th o s e  a m p li tu d e s  by  a  d i s t o r t i o n  
f a c to r ,  b a se d  on c e n t r a l  p o t e n t i a l s ,  may n o t  be  r e a l i s t i c  g iv e n  th e  
im p o r ta n c e  o f  t h e  p h a s e s .
T his  w ork  u s in g  G la u b e r  t h e o ry  p ro v id e s  a n o t h e r  u s e fu l  c h e c k  of 
th e  form alism . E a r ly  in  t h e  l a s t  c h a p t e r  i t  w as d e c id e d  to  lo o k  a t  th e
”70“
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Figure  17 The d i f f e r e n t i a l  c r o s s - s e c t io n s  due  to  th e  W atanabe am p li­
tu d e s  f o r  ^®Ni(d,d)^®Ni a t  400 and  700 MeV. The s o l id  and  d a s h e d  
c u r v e s  a re  th e  r e s u l t s  o f  th e  e x a c t  c a l c u la t io n  u s in g  th e  DDTP co d e  
a n d  G lau b e r  th e o ry ,  r e s p e c t iv e ly .  Both  c a lc u la t io n s  u s e d  only  c e n t r a l  
p o t e n t i a l s  (w ith  no Coulomb c o n t r ib u t io n s ) .
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Figure  18 The second  o r d e r  e l a s t i c  s c a t t e r in g  a m p li tu d e s  d u e  to  
b re a k u p ,  c a lc u la te d  in  G lau b er  t h e o r y  f o r  ^^Ni(d,d)^® Ni a t  400 a n d  700 
MeV. N ucleon c e n t r a l  p o te n t i a l s  w i th  t h e  K yushu p a ra m e te r s  w ere  u sed .  
The c u rv e s  w ere  o b ta in e d  from  e q u a t io n  (5.3.21) w i th  and  w i th o u t  t h e  
d i s t o r t i o n  f a c to r ,  exp [i% ^(b)].
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Figure  19  T h e  e l a s t i c  s c a t t e r i n g  c r o s s - s e c t i o n s  w i t h  t h e  a d d e d  G l a u b e r  
a m p l i t u d e s  o f  F i g u r e  1 8 .  C u r v e s  a r e  a s  f o r  F i g u r e  1 8 .
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Figure  20 The r e l a t i v e  im p o r ta n c e  o f  t h e  r e a l  an d  im ag in a ry  p a r t s  o f  
t h e  d e u te ro n  c e n t r a l  p o t e n t i a l  in  t h e  exponchnt o f  t h e  d i s t o r t i o n  f a c t o r  
in  e q u a t io n  (5.3.21). The K yushu  p a ra m e te r s  w ere  u s e d  to  o b ta in  t h e  
p o te n t i a l s .
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Figure  21 The G la u b e r  e l a s t i c  s c a t t e r in g  a m p l i tu d e s  d u e  to  b re a k u p ,  
f o r  ^® N i(d,d)^^N i a t  400 an d  700 MeV. The s o l id  an d  d a s h e d  c u rv e s  a r e  
f o r  seco n d  o r d e r  o n ly  an d  a l l  o r d e r s  in  b re a k u p ,  r e s p e c t iv e ly .  N ucleon  
c e n t r a l  p o t e n t i a l s  w i th  t h e  K yushu p a ra m e te r s  w ere  u se d .
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b re a k u p  am p li tu d e  to  s e co n d  o r d e r  on ly  in  t h e  e x p a n s io n  o f  t h e  
b r a c k e t  in  e q u a t io n  (5.3.18) an d  to  ig n o re  h ig h e r  o r d e r  te rm s .  T h is  was 
e q u iv a le n t  to  t h e  tw o - s te p  a m p li tu d e  (VGV) t h a t  w as o b ta in e d  in  t h e  
l a s t  c h a p te r ) .  The v a l i d i t y  o f  t h i s  a s su m p tio n  can  be  p u t  to  t h e  t e s t  
h e r e  as  we can  e a s i ly  e v a lu a te  t h e  e x p re s s io n  f o r  t h e  a m p li tu d e  
ATc^(GL) to  a l l  o r d e r s  in  b r e a k u p .  I f  we lo o k  b a c k  a t  t h e  b r a c k e te d  
te rm  of e q u a t io n  (5.3.13), we can  s u b t r a c t  from  i t  t h e  te rm  c o r r e s p o n d ­
ing  to  th e  W atanabe a m p li tu d e ,  i.e.
( . « » • £ >  -  -  1 ) .
Thus th e  e l a s t i c  a m p li tu d e  to  a l l  o r d e r s  in  b r e a k u p  i s  g iv en  by
AT^^^(GL) = —  ce c b db J^ (  2Kbsin0 /2 ) e0
r ? i% _(b,r)J ^ 0“ (r)  ( e  -  1 )  . (5.3.22)
T his  am p li tu d e  can  be  com pared  w ith  th e  one from  e q u a t io n  (5.3.21) 
w h ich  a c c o u n ts  f o r  b r e a k u p  to  seco n d  o r d e r  only. The ag ree m en t 
b e tw ee n  th e  r e s u l t s ,  show n in  Figure  (21) i s  a  c o n v in c in g  a rg u m e n t  in  
s u p p o r t  o f  t h e  d e c is io n  to  n e g le c t  h ig h e r  o r d e r  b r e a k u p  te rm s .
5.4 The d i f f i c u l t y  o f  in c lu d in g  s p in
L ooking  b a c k  to  e q u a t io n  (5.3.9) we n o te  t h a t  i t s  s t r u c t u r e  i s  s u c h  
t h a t  i t  can be i t e r a t e d  by  r e p e a te d ly  s u b s t i t u t i n g  f o r  p ( R , r )  on th e  
r i g h t  h a n d  s ide .  Now, a s  t h e  p o t e n t i a l  V^®(R,r) com m utes w i th  i t s e l f ,  
s u c c e s s iv e  i t e r a t i o n s  b u i ld  up  t h e  e x p o n e n t ia l  pow er s e r i e s  form  g iv e n  
in  e q u a t io n  (5.3.3). H owever, i f  t h e  p o te n t i a l  h a s  a  s p i n - o r b i t  p a r t .
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th e n  we c a n n o t  w r i te  p in  t h e  form  o f  a pow er s e r i e s  a s  th e  s p i n - o r b i t  
o p e r a to r s  do n o t  com mute an d  p t a k e s  on th e  form,
R.
p ( R , r )  = l  -  ic  rJ— I VJ.o* dR'.
R. R'.
( - i c f  [J— I d R *3 V dR "^  V^.o; + ...
(5.4.1)
60T h ere  i s  a s t a n d a r d  a p p ro x im a t io n  to  th e  s p i n - o r b i t  o p e r a to r  
t h a t  e n a b le s  a  s p i n - o r b i t  p o t e n t i a l  to  be  in c lu d e d  in to  G lau b e r  c a lc u ­
l a t io n s ,  w h ich  w ill  n o t  be  d i s c u s s e d  h e re .  The o b je c t iv e  o f  t h i s  w o rk  
is  to  t r e a t  th e  s p in  a lg e b ra  as  a c c u r a te ly  a s  p o s s ib le  and  i t  was t h u s  
d e c id e d  n o t  to  p u r s u e  t h i s  l in e  o f  a c t io n .  In  t h e  n e x t  c h a p te r  we c a l ­
c u l a te  t h e  f u l l  seco n d  o r d e r  a m p l i tu d e  due  to  s p i n - t r i p l e t  b re a k u p ,  in  
th e  PW fo rm alism  and  c a r r y  o u t  t h e  sp in  a lg e b ra  in  f u l l  and  w i th o u t  
ap p ro x im a tio n .
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CHAPTER 6
SPIN-TRIPLET BREAKUP WITH A SPIN-ORBIT POTENTIAL
6.1 I s o la t in g  th e  te rm s
In s e c t io n  4.3 t h e  b r e a k u p  a m p li tu d e  w as c a l c u la te d  u s in g  c e n t r a l  
p o t e n t i a l s  only . T h is  s im p l i f ie d  m a t te r s  g re a t ly ,  a s  w il l  becom e 
a p p a r e n t  in  t h i s  c h a p te r .  The n u c le o n -n u c le u s  p o t e n t i a l s ,  a n d  V^, 
w ill  now be  assum ed  to  c o n s i s t  o f  c e n t r a l  and  s p i n - o r b i t  te rm s .  The 
l a t t e r  g iv e  r i s e  to  r a t h e r  com plex  s p in -d e p e n d e n t  e x p re s s io n s .
In  t h e  l a s t  c h a p t e r  we saw  t h a t  G lau b er  th e o r y  p ro v id e s  a  m ore 
a c c u r a te  d e s c r ip t io n  o f  t h e  v i r t u a l  b re a k u p  a m p li tu d e  f o r  c e n t r a l  
p o t e n t i a l s  b u t  th e  c a l c u la t io n s  becom e r a t h e r  d i f f i c u l t  i f  a  s p i n - o r b i t  
te rm  is  added . In  t h i s  s e c t io n ,  th e  seco n d  o r d e r  a m p li tu d e  d u e  to  
s p i n - t r i p l e t  v i r t u a l  b re a k u p ,  ATg^^^CPW), w ill  be  c a lc u la te d .  We f in d  i t  
c o n v e n ie n t  to  m ake a  s e p a r a t i o n  in to  f o u r  te rm s ,  d e p e n d in g  on  w h e th e r  
th e  co u p l in g  o f  t h e  g ro u n d  s t a t e  o f  th e  d e u te r o n  to  t h e  b r e a k u p  s t a t e ,  
and  v ic e  v e r s a ,  is  d u e  to  t h e  c e n t r a l  o r  th e  s p i n - o r b i t  p o te n t i a l s .
The e q u iv a le n t  s p in - d e p e n d e n t  am p li tu d e  to  e q u a t io n  (4.3.1) is  
w r i t t e n ,
( 2 ) r® 2AT^_^(PW) = S S k ^ d k  
;” Jm  JQ
  -------V , . ( K ,K " ,k , i ,m ,M .M ” ) , (6-1-1)
E -E ^ , ,+ ie  10 - - -
w here  we m ust now sum o v e r  a l l  in te rm e d ia te  s t a t e  s p in  p ro je c t io n s ,
M", w h ich  can  t a k e  v a lu e s  o f  1, 0 and  -1 in  t h e  c a se  o f  b r e a k u p  to  th e
- 7 8 -
t r i p l e t  s p in  s t a t e  (S=l). The tw o m a tr ix  e lem en ts  in  t h e  l a s t  e q u a t io n  
a r e  d e f in e d  as,
V o i ( K ' ' .K ' . k . i  ,m,M ",M ') = <K' M' |
+V^®+V®° 1 K "  M" , (6.1.2)
and ,
V ^ g (K ,K " .k , i  = <K" M" I V^®+V®°
+V®®+V®° |K M ^n> , (6.1.3)n n ' — u
w h ere  M and  M’ a r e  t h e  i n i t i a l  an d  f in a l  s t a t e  s p in  p r o je c t io n s  o f  th e  
b o u n d  d e u te r o n  r e s p e c t iv e ly .
I f  t h e  c e n t r a l  an d  s p i n - o r b i t  p o te n t i a l s  o f  t h e  p ro to n  and  n e u t r o n  
a re  com bined, th e n  th e  p r o d u c t  o f  th e  two m a tr ix  e lem en ts  g iv e s  r i s e  
to  f o u r  ty p e s  o f  b r e a k u p  am p litu d e :
(1) A c e n t r a l - c e n t r a l  te rm  (T^^ ) d u e  to  t h e  co u p l in g  o f  t h e  g ro u n d  
s t a t e  to  t h e  b r e a k u p  s t a t e  an d  back , b o th  v ia  c e n t r a l  p o te n t i a l s .  
T h is  is  t h e  a m p l i tu d e  t h a t  w as c a lc u la te d  in  c h a p t e r  4.
(2) A c e n t ra l -S O  te rm  ) d u e  to  th e  co u p l in g  to  th e  b r e a k u p  s t a t e  
v ia  t h e  s p i n - o r b i t  p o t e n t i a l  th e n  r e c o u p l in g  b a c k  to  th e  g ro u n d  
s t a t e  v ia  t h e  c e n t r a l  p o te n t i a l .
(3) An S O -c e n tra l  te rm  (T ) w h ich  is  th e  t im e - r e v e r s e  o f  T ^ .' s c  cs
(4) An SO-SO te rm  (T^^) du e  so le ly  to  th e  s p i n - o r b i t  p o t e n t i a l  an d  
by f a r  t h e  m ost co m p lica ted  o f  th e  fo u r .
T hus we can  w r i te  th e  f u l l  t r i p l e t  b r e a k u p  a m p li tu d e  as  t h e  sum.
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AT^ ^(PW ) = T + T  + T  + T  , (6.1.4)S = 1 cc cs  sc  s s
w
w here ,
dK ’
w ith  i , j  = c , s
pOO p '* j  2 ;
T, , = 2 S k '^dk ------
M "im  Jq M 2 tc)^ Ë -E ^,,+ iG
(6.1.5)
6.2 E v a lu a tin g  th e  c o u p lin g  p o te n t ia l s
In  th i s  s e c tio n , we w ill lo o k  a t  th e  fo u r  c o u p lin g  p o te n t ia l s  
above. The c e n t r a l  o n es  w ere  do n e  in  c h a p te r  4. T hus,
V ^ g (K ,K " ,k ,l  ,m,M,M*') = < K " M” k J  m | | K M 0^ > . (6.2.1)
The s p in  p a r t  is  t r i v ia l ly  s e p a r a te d  s in ce ,
<M" I M> = , (6.2.2)
a n d  th e  re m a in d e r  o f th e  d e r iv a t io n  w as c a r r ie d  o u t  in  c h a p te r  4, e n d ­
in g  w ith  e q u a t io n  (4.3.9), we o b ta in ,
V ® Q(K.K",k.J .m,M,M") = ( l+ ( - ) ^ )  V®®(Q) |  ^ U g ( r )  u j ( k , r )
VÎÏt
Y * ^ ( r )  , (6.2.3)
w here  ^  = K -  K " .
H ere, V®®(Q), U g(r) an d  u^ (k ,r )  a r e  a s  d e f in e d  in  e q u a t io n s  (4.3.10),
(4.3.3) and  (4.3.5), r e s p e c t iv e ly .  U sing th e  p r o p e r t ie s  o f  th e  tim e r e v e r ­
s a l  o p e ra to r ,  a s  w as done  in  c h a p te r  4, we can  f in d  th e  o th e r  c e n t r a l
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m a trix  e lem en t, Vq^ C K ",K ',k , l  ,m ,M ",M '), i.e .
V o i(K " .K '.k ,J ,m ,M " .M ')  = " ^ " (l+ (-)^)V ® ® (Q ') f ^ u ^ C r ' )  ( k .r ')
J47T
w here  Q ’ = K " K ’
(6.2.4)
We now tu r n  o u r  a t te n t io n  to  th e  s p in - o r b i t  m a tr ix  é lém en ts ,
V ^ o (K ,K " ,k ,J  ,m,M,M") = < K " M " k im |V ® °  + | K M 0^ >
-i TC ’ ’ "R * * _ tdR -  - u ^ ( k . r ) Y ^ ^ ( r )
vf(R.r) iK .R
'[in e  XIM
, . (6.2.5)
rSO,w here  (R ,r )  is  th e  sum o f  th e  p ro to n  and  n e u tro n  s p in - o r b i t  p o te n ­
t i a l s
p - p (6.2.6)
and  a re  th e  i n i t i a l  and  in te rm e d ia te  d e u te ro n  s p in  e ig e n ­
fu n c tio n s , re s p e c t iv e ly . We can  r e w r i te  e q u a tio n  (6.2.5) by  c o lle c t in g  
th e  sp in  te rm s.
dR - 1  TT ' • P * * ^d r e  • ^ u ^ ( k , r ) Y j ^ ( r )
iK.R[ v °^( ts -f  I )i_p.sf V-( |R-f| )i,„.s;‘ "
M"M M"Mw here  th e  m a tr ix  e lem en ts  S and  S a re  g iv e n  by—p —n
_M"M _ ,  , ISp - <%iM"IS:pl%iM' '
(6.2.7)
(6.2.8a)
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(6.2.8b)
The a lg e b ra  i s  now c a r r ie d  th ro u g h  (see  Appendix  A) to  o b ta in  a  
f in a l  e x p re s s io n  f o r  th e  m a tr ix  e lem en t,
e - i 2 - l /2 (6.2.9)
w here ,
V®°(Q) = | ^ V p ° ( x ) e ^ 2 -  
and  th e  s p h e r ic a l  v e c to r  co m ponen t is  d e f in e d  as ,
( 6.2 .10)
u 'o (r ) (6.2.11)
d u . ( r )
w h ere  u '^ ( r )  = — gp—
We can  now u se  th e  p r o p e r t ie s  o f th e  tim e r e v e r s a l  o p e ra to r  from  
e q u a tio n  (4.3.11) to  f in d  th e  seco n d  s p in - o r b i t  m a tr ix  e lem en t,
V ^ ^ (K " ,K ',k ,i  ,m .M ",M ') = <_k ' '  i  -m -M" | | -K ' -M' >
T hus, from  e q u a tio n  (6.2.9 )»
^ U j ( k , r ' ) Y ^ ^ ( r ' )  A ^ , ,_ ^ , ( r ' ,q ' ,K ')  e ( 6 .2 .12 )
w here
u ' ( r ')  . (6.2.14)
and  = (1 M "-M ’ 1M' | 1 M" ) .
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Now th a t  we h a v e  fo u n d  th e  fo u r  c o u p lin g  p o te n t ia l s  d e f in e d  in  
e q u a tio n s  (6.2.3), (6.2.4), (6.2.9) an d  (6.2.12), we can  p ro c e e d  to  w ork  o u t 
th e  fo u r  co m ponen ts  o f  seco n d  o rd e r  am p litu d e  d e f in e d  in  e q u a t io n
(6.1.5).
The f i r s t ,  T ^ ^ , w as do n e  in  c h a p te r  4 an d  is  g iv e n  by e q u a t io n  
(4.3.20) as ,
F (q ,q '.Q ,Q ')  (^.2.15)
cc E -E j^ ,,+ ie
w h ere  F (q ,q ',Q ,Q ‘) w as d e f in e d  in  e q u a tio n s  (4.3.19) an d  (4.3.21).
6.3 C a lc u la tin g  th e  s p in -d e p e n d e n t  am p litu d e s
The th r e e  o th e r  co m p o n en ts  o f th e  t r i p l e t  b re a k u p  a m p litu d e  
d e f in e d  in  e q u a t io n  (6.1.4) c o n ta in  co u p lin g  p o te n t ia l s  t h a t  in v o lv e  
s p in - o r b i t  te rm s. T h is  m akes t h e i r  d e r iv a t io n  r a th e r  m ore le n g th y  
th a n  t h a t  o f th e  T^^ com ponen t. The a lg e b ra  in v o lv e d  h a s  th u s  b een  
r e le g a te d  to  Appendix  B an d  o n ly  t h e i r  f in a l  fo rm  w ill be  m e n tio n ed  in
th i s  s e c tio n . We w ill s t a r t  w ith  th e  te rm  T w h ich  is  d e f in e d  in  equa-cs
t io n  (6.1.5). By s u b s t i tu t in g  f o r  th e  co u p lin g  p o te n t ia l s  and  fo llo w in g  
th e  a lg e b ra  in  Appendix  B .l we o b ta in  th e  r e s u l t .
dK ' '
(2 tt) E -E j^n+ ie
w here .
U (Q,Q ') = V®®(Q) ^  ^ V ® ° ( Q ')  , (6.3.2)
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+ § F " ( q .q ' ) ( Q x a ) ^ _ ^ ,  , (6 .3 .3)
F ' ( q . q ' )  = F ( q )  -  F ( q ' )  . ( 6 . 3 . 4 )
A ll th e  o th e r  q u a n t i t i e s  an d  v e c to r s  w ere  d e f in e d  in  c h a p te r  4 (e q u a ­
t io n s  (4.3.17 -  21)).
The o th e r  c ro s s  te rm , T ^^, is  d e r iv e d  in  Appendix  B.2 s ta r t in g  
from  e q u a tio n  (6.1.7) to  g iv e
.d K "
’^ sc ( 2 x ) 3 ^ g l ' ' M - M ' ( S . S ' . Q . Q ' )  .
IV
w here .
U ( Q ' , Q )  = V ® ® ( Q ' ) i  | g V ® ° ( Q )  , ( 6 . 3 . 6 )
and .
B 'M -M '< 3 -a '.2 .2 ')  = F (q ,q ',Q .Q ') (Q 'x K ')^ _ ^ ,
-  |F ' ( q , q ' ) ( Q 'x a ) ^ _ ^ ,  . (6.3.7)
The f in a l  te rm  in  e q u a t io n  (6.1.4) in v o lv e s  th e  c o u p lin g  to , an d  
from , th e  s p in - t r i p le t  b re a k u p  s t a t e  v ia  th e  s p in - o r b i t  p o te n t ia l ,  and  
is  by f a r  th e  m ost co m p lica ted  o f  th e  fo u r  te rm s  to  d e r iv e . A gain, th e  
f u l l  d e r iv a t io n  i s  in  Appendix  B.3 w hich , s ta r t in g  from  e q u a tio n  (6.1.5), 
g iv e s
=  - J
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dK "T -  _ i   W(Q.Q')
 ^ ’ (6.3.8)
w here
W(Q,Q') = A | qV®°(Q) . i  ^ V ® ° ( Q ')  , (6.3.9)
D M .M '(a .a '.Q .f i ')  = F (q ,q '.Q ,Q ') (Q x K )^ (2 'x K ')^
* |F '( q ,q ') [ ( Q x a ) ^ ( Q 'x K ') ^  -  (Q x K )^ (Q 'x a )^  ]
-  4 H ^(q ,q ')  (Q x a )^ (Q 'x a )„
+ 8H 2(q ,q ')A _^^^(a,g[) . (6.3.10)
The v a r io u s  te rm s  in  (6.3.10) t h a t  h a v e  n o t b een  d e f in e d  p re v io u s ly  a re
H i(q ) = - ^   ^ r ^ d r  j2 (q r /2 )  , (6.3.11)
H ^(q ,q ')  = H ^(q) + H ^(q ') , (6.3.12)
Hg(q) = ^  r  d r [ ^ - ^ j ^  j^ (q r /2 )  , (6.3.13)
H g(q ,q ') = Hg(q) -  H g(q ') , (6.3.14)
-  Q^Q'^ . (6.3.15)
Figures  (22-24) show  th e  e f f e c ts  o f s p in - t r i p le t  b re a k u p  on  th e  
s c a t te r in g  o b s e rv a b le s  f o r  th e  th r e e  sy stem s u n d e r  c o n s id e ra t io n  u s in g  
th e  tw o s e ts  o f o p t ic a l  m odel p a ra m e te rs  from  c h a p te r  2. A co m p ariso n  
w ith  th e  d a ta  a t  th i s  s ta g e  w ou ld  b e  p o in t le s s  a s  i t  h a s  a lre a d y  b een
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K yushu GF
“ F o ld ing  , 
■ F o ld ing  + AT,
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Figure  22 C ro s s -s e c tio n s ,  v e c to r  a n d  te n s o r  an a ly z in g  p o w ers  f o r  
^ ^ N i(d ,d )^ ^ N i a t  400 MeV. The c û rv e s  a re  th e  r e s u l t s  o f F o ld in g  m odel 
o n ly , an d  fo ld in g  + seco n d  o rd e r  b re a k u p  c o n tr ib u tio n s  to  s p in - t r i p l e t  
in te rm e d ia te  s ta te s .  The l e f t -  an d  r ig h t -h a n d  s id e s  a re  from  th e  
K y ushu  an d  GF o p tic a l  p o te n t ia l  p a ra m e te rs ,  re s p e c tiv e ly .
“86“
d-^® Ni 
700 MeV
K yushu GF
F o ld in g  .V  
F o ld in g  + AT;^7^(PW)
cr/<r
It"
■t
I
f.79
A,y IB
•4yy
•j
IF
[d eg ]0c.m.
Figure  23 As f o r  F ig u re  22, b u t  fo r  ^ ^ N i(d ,d )^ ^ N i a t  700 MeV.
-87-
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Figure 2A As f o r  F ig u re  22, b u t  f o r  "^^C a(d ,d)^^C a a t  700 MeV. O nly th e  
GF o p tic a l  p o te n t ia l  p a ra m e te rs  w ere  u sed  a s  th e  K yushu  p a ra m e te rs  
w ere  u n a v a i la b le  f o r  t h i s  system .
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e s ta b l is h e d  th a t  th e  p la n e -w a v e  fo rm alism  u se d  o v e r -e s t im a te s  th e  v i r ­
tu a l  b re a k u p  e f fe c t .  The in c lu s io n  o f d i s to r t io n  e f f e c ts  in to  th e  f o r ­
m alism  is  e x p e c te d  to  a l t e r  th e  e f f e c t  b o th  q u a n t i ta t iv e ly  and  q u a l i t a ­
t iv e ly . I t  is  u s e fu l ,  h o w ev er, to  s tu d y  th e  r e la t iv e  e f f e c ts  s p in - t r i p l e t  
v i r t u a l  b re a k u p , d u e  to  th e  tw o  s e ts  o f p o te n t ia l s  on  th e  v a r io u s  
s c a t te r in g  o b s e rv a b le s  f o r  th e  th r e e  d i f f e r e n t  s c a t te r in g  sy stem s co n ­
s id e re d .
F ir s t ,  i t  i s  c le a r  t h a t  th e  K yushu  p a ra m e te rs  p r e d ic t  m uch la r g e r  
e f f e c ts  on th e  c ro s s - s e c t io n s  th a n  do th e  GF ones. T h is  is  t r u e  f o r  th e  
w hole ra n g e  o f  a n g le s  a t  b o th  400 MeV and  700 MeV f o r  d -^^ N i. I t  is  
n o t  o b v io u s  w h ich  s e t  o f p a ra m e te rs  h a s  th e  la rg e r  b re a k u p  e f f e c t  on 
th e  an a ly z in g  pow ers .
The e la s t ic  c ro s s - s e c t io n s  a re  g re a t ly  en h an c ed  a t  a n g le s  bey o n d  
15° in  a l l  ca se s . T h is  a g re e s  q u a l i ta t iv e ly  w ith  th e  r e s u l t s  o f th e  
CDGC c a lc u la t io n s .  The s ize  o f  th e  o s c i l la t io n s  in  th e  an a ly z in g  p o w ers  
is  re d u c e d  in  a l l  c a se s  b ey o n d  1 5 * . T h is, s u rp r is in g ly  c o n t ra d ic ts  th e  
CDGC r e s u l t s  w h ich  show  an  en h an c em en t in  th e  s t r u c t u r e  o f th e  
an a ly z in g  pow ers . A n o th e r  in t e r e s t in g  p o in t  is  t h a t  th e  in c lu s io n  o f 
th e  s p in - t r i p l e t  b re a k u p  e f f e c ts  c a u se s  a l l  th e  c u rv e s  to  be s h if te d  
b a c k  s l ig h t ly  in  an g le . A t i t s  maximum, th i s  s h i f t  i s  a b o u t 2 * a t  la rg e  
an g le s , fo r  d -  Ni a t  700 MeV. T h is  s h i f t  is  in  th e  o p p o s ite  d ir e c t io n  
to  t h a t  re q u ir e d  to  im p ro v e  th e  ag ree m en t w ith  th e  d a ta . A gain, i t  is  
im p o r ta n t to  s t a t e  t h a t  we a re  n o t  lo o k in g  f o r  a d e ta i le d  ag ree m en t 
w ith  d a ta  w ith in  th i s  s im p le  fo rm alism .
In  c h a p te r  2, i t  w as seen  th a t  th e  an a ly z in g  p o w ers  a t  700 MeV 
a g re e d  v e ry  w ell w ith  th e  d a ta  f o r  b o th  d -^^N i and  d-'^^G a. One w ould
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th e re f o r e  e x p e c t t h a t  th e  e f f e c t  o f th e  in c lu s io n  o f  v i r t u a l  b re a k u p  
w ou ld  b e  sm all. I t  i s  n o t  s u r p r is in g ,  h o w ev er, to  n o te  th e  la rg e  d i f f e r ­
en ce s  b e tw een  th e  tw o c u rv e s  f o r  th e  an a ly z in g  p o w ers , p a r t i c u la r ly  in  
Figure  24. T h is  co n firm s th e  n e c e s s i ty  o f  th e  in c lu s io n  o f d is to r t io n  
in to  th e  b re a k u p  fo rm alism , w ith o u t w hich  th e r e  a p p e a rs  to  b e  a  la rg e  
c a n c e llin g  e f f e c t  b e tw ee n  th e  SFM (W atanabe) an d  seco n d  o rd e r  v i r t u a l  
b re a k u p  c o n t r ib u t io n s  to  th e  e l a s t ic  am p litu d e .
6.4 C heck ing  th e  fo rm a lism  an d  th e  n u m e ric a l c a lc u la t io n s
E ach o f th e  f o u r  te rm s  in  e q u a t io n  (6.1.4), w h ich  m ake up  th e
seco n d  o rd e r  a m p litu d e  d u e  to  s p in - t r i p l e t  b re a k u p , ATg_g(PW), w as
ch ec k ed  in d e p e n d e n tly  u s in g  a  v a r ie ty  o f  a p p ro x im a tio n s . The ch ec k
f o r  th e  f i r s t  te rm , T , w as d e s c r ib e d  in  c h a p te r  4. T h is  in v o lv e d  s e t -cc
t in g  th e  G reens fu n c tio n  to  a  c o n s ta n t  w hich  e n a b le d  u s  to  f in d  a s im ­
p le  a n a ly tic  e x p re s s io n  f o r  th e  am p litu d e . T h is  w as th e n  com pared  w ith  
th e  n u m e ric a l v a lu e . The sam e m eth o d  w as u se d  to  ch ec k  th e  seco n d  
a n d  th i r d  te rm s  o f  e q u a t io n  (6.1.4). A gain th e  a g ree m en t b e tw een  th e  
a n a ly tic  an d  n u m e ric a l v a lu e s  w as v e ry  good.
The fourBi te rm  in  (6,1.4), T ^ ^ , w as fo u n d  to  be  to o  d i f f ic u l t ,  a s  i t  
s to o d , to  s im p lify  u s in g  th e  ab o v e  m ethod . V a rio u s  m e th o d s w ere  d e v ­
is e d , how ever, to  ch ec k  d i f f e r e n t  a s p e c ts  o f  th e  e x p re s s io n  d e f in e d  in  
e q u a tio n  (6.3.8). T hese  c h e c k s  w ill b e  d is c u s s e d  b r ie f ly  h e re .
1) C heck ing  th e  s p in  a lg e b ra :
The t r a n s i t io n  m a tr ix  f o r  d e u te ro n  e la s t ic  s c a t te r in g ,  M, is  g iv e n  
as  fo llo w s by d e s ig n a t in g  th e  row s an d  colum ns by  th e  z -co m p o n en ts  o f  
th e  d e u te ro n 's  i n i t i a l  an d  f in a l  s p in  s ta t e s  re s p e c t iv e ly :
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"A B C
M = D E -D
[c -B A
(6 .4 .1)
w h ere  in  th i s  c a se  we h a v e
A = T (M = 1,M' = 1) s s
B = T^^(M=0,M’ = 1)
C = T^^(M =-1,M ' = 1)
D = T^^(M = 1,M’ = 0)
E = (M = 0,M' = 0)
T h ere  a re  on ly  fo u r  in d e p e n d e n t a m p litu d e s , h o w ev er, as
C = A - E - \ f 2 ( B  + D )c o te  . (6.4.2)
The ab o v e  r e la t io n  w as c h e c k e d  f o r  a  g iv en  v a lu e  o f  0 and  w ith  th e  
c o rre sp o n d in g  v a lu e s  o f  M an d  M' in  T^^.
2) C heck ing  th e  ra n k -0  p ie c e  in  th e  te n s o r ia l  d e co m p o sitio n  o f T :s s
We w ill d e f in e  th e  sp in ' p a r t  o f  e q u a t io n  (6.3.8) as
^M,M' " * ' (6.4.3)
To s im p lify  m a tte rs ,  we w ill s e t  8=0. T hus £=0 , K=K' , an d
£ ’=2Q . T h e re fo re , th e  seco n d  an d  th i r d  te rm s  in  e q u a t io n  (6.3.10) fo r  
Dm m ' d is a p p e a r , an d  e q u a t io n  (6.3.10) can  be  r e w r i t t e n
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= = -  F (Q )(exK )^ (2xK )„  + 8H ‘ (Q)A^_^(Q) , (6.4.4)
w h ere  now,
F(Q) = F (0 ) + F (2 Q )-2 F ^ (Q ) (6.4.5)
and
We now n eed  to  ex p an d  in to  th e  s p in -s p a c e  te n s o r .  F i r s t  we
w r ite  th e  p ro d u c t  o f  th e  tw o C le b sc h -G o rd an  c o e f f ic ie n ts
" 3 (- )^ ^ ’^ ' S (-) '" (1 M -M "1 M "-M '|kX )(1 M 1 -M '|kA)
kA
W ( ll l l ; l» c )  , (6.4.7)
w h ere  k = 0 ,1 ,2  an d  A=M-M'. In  o rd e r  to  i s o la te  th e  ra n k -0  p a r t  o f th e  
f u l l  am p litu d e , we n eed  to  d e f in e  a  new q u a n t i ty ,  S , e q u iv a le n t  to  
Sm b u t  in  w h ich  we s e t  M=M' an d  sum o v e r  M:
S = Z , = - 3 2  ( - ) ^ ” '^ 2 ( - ) K ( l M l - M | K O ) W ( l l l l ; l K )
M M K
2 ( l<r l -o- |K0)[F(Q)(QxK)^(2xK)_^
O'
+ 8H2 (Q )(( - )° 'q ^ -Q ^ Q .^ ) ]  ,
w h ere  we h a v e  p u t  c  = M-M" an d  w = M"-M = -o' , an d  re p la c e d  2 by  2
M" (T
U sing th e  f a c t  t h a t
2(-)^"'^(1M1-M|kO) =J3S n 
M “
we h av e
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S  = - 3 j 3 W ( l l l l ; 1 0 )  S ( lo -l-(r |0 0 )[F (Q )(2 > tK )_ j.(2 x K )_ ^
+ SH‘ (Q) ( ( - f Q ^  -  Q yC Ly)]
= j 3 [ F ( Q ) ( - i  ) (Q x K ).(2 x K ) 8H ,(Q )(-j3 ^ Q ^ )]
vf3 J3
- F ( Q )  I Q x K P  -  l ô Q ^ H j C Q )  .
S u b s t i tu t in g  b a c k  in to  e q u a t io n  (6.3.8), we o b ta in  th e  ra n k -0  p a r t  o f
T a t  0 = 0, as s s
dK * *(T W (Q.Q') [ F ( Q ) |Q x K |2  _ 16Q ^H ‘ (Q )] . (6.4.10)
“ J (2it)^ E -E j . , , -H c  ^
The n u m e ric a l v a lu e  o f  th e  a b o v e  e x p re s s io n  w as com pared  w ith  t h a t  
o b ta in e d  u s in g  th e  f u l l  e x p re s s io n  b u t  w ith  M=M' an d  sum m ing o v e r  M. 
Good ag reem en t w as o b ta in e d .
3) B orn A p p ro x im atio n  ch ec k  o f  th e  g ro u n d - s ta te  p a r t  o f  th e  am p litu d e :
In  e q u a tio n  (6.3.8), th e  g r o u n d - s ta te  p a r t  (in  F) w as is o la te d :
. dK '
(T ss)g .s . Z C ,.. ,„ C .,„ .. ,2 F (Q )F (Q ')(2%)3 E -E K „+ ic  M"
(2 x K )^ (2 'x K ')^  . (6.4.11)
As m en tio n ed  p re v io u s ly , t h i s  te rm  is  in c lu d e d  in  th e  e x a c t (W atanabe) 
a m p litu d e  t h a t  w as c a lc u la te d  in  c h a p te r  2, an d  is  th e  seco n d  o rd e r  
te rm  in  th e  B orn s e r ie s  w h ich  is  due  to  th e  co u p lin g  o f th e  g ro u n d  
s t a t e  o f  th e  d e u te ro n  w ith  i t s e l f .  I f  we decom pose th e  ab o v e  a m p litu d e
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in to  i t s  s p h e r ic a l  te n s o r  co m ponen ts  by w ritin g ,
«KX (6.4.12)
w here ,
< M ' | M ' >  = (2 k + 1 )^ /^(1M 'kA I IM) , (6.4.13)
th e n  we can  com pare th e  ra n k -2  p a r t s  o f w ith  th e  e q u iv a le n t
p ie c e s  from  th e  e x a c t a m p litu d e s  c a lc u la te d  in  th e  code DDTP w hich  
w as u se d  in  c h a p te r  2. P ro v id e d  a  sm all en o u g h  p u re  s p in - o r b i t  p o te n ­
t i a l  is  u sed , th e n  th e  m a jo r c o n t r ib u t io n  to  th e  ra n k -2  p ie ce  o f th e  
e x a c t s c a t te r in g  m a tr ix  w ill be  from  th e  VGV te rm  in  th e  B orn s e r ie s .
I t  w as fo u n d  th a t  th e  g ro u n d  s t a t e  p a r t  o f th e  seco n d  o rd e r  p la n e  
w ave am p litu d e  a g re e d  to  a  h ig h  o rd e r  o f a c c u ra c y  w ith  th e  W atanabe 
am p litu d e  fo r  each  o f and  u s in g  a s p in  o r b i t  p o te n t ia l
o f s t r e n g th  0.1 MeV. The a g ree m en t w as o v e r  th e  w ho le  a n g u la r  re g io n . 
T h is  ch ec k  is  p ro b a b ly  th e  m ost p o w e rfu l o f th e  th r e e  m en tio n ed  in  
th i s  s e c tio n  a s  i t  in v o lv e d  a  co m p ariso n  w ith  a  co m p le te ly  in d e p e n d e n t 
c a lc u la tio n .
—94-
c h a p t e r  7
SPIN-SINGLET BREAKUP
7.1 The o r ig in  an d  im p o rta n c e  o f  s in g le t  b re a k u p
As w as m en tio n ed  in  C h a p te r  1, th e  e f f e c ts  o f  th e  v i r t u a l  b re a k u p  
o f th e  d e u te ro n  a r is in g  from  th e  c o u p lin g  o f th e  e la s t ic  c h a n n e l to  th e  
co n tin u u m  in  th e  s in g le t  s p in  s t a t e  h av e  n o t b een  s tu d ie d  p re v io u s ly . 
U nlike  th e  t r i p l e t  c ase , th e  b re a k u p  to  th e  s in g le t  s p in  s t a t e  is  w h o lly  
d ue  to  th e  s p in - o r b i t  in te r a c t io n .  T h is  is  b e c a u se  c o u p lin g  from  th e  
t r i p l e t  g ro u n d  s t a t e  o f  th e  d e u te ro n  to  th e  s in g le t  s t a t e  r e q u ir e s  a 
ra n k -1  o p e ra to r  in  s p in  sp a c e , nam ely  th e  sp in  o r b i t  p o te n t ia l .  In  v iew  
o f th e  in c re a s in g  im p o rta n c e  o f  th e  s p in - o r b i t  in te r a c t io n  a s  we move 
up  in  en erg y , i t  is  e x p e c te d  t h a t  th e  th e  s in g le t  b re a k u p  e f f e c t  w ill 
a lso  becom e m ore im p o rta n t . In  p a r t ic u la r ,  th e  s in g le t  P -w ave s t a t e  ^P^ 
sh o u ld  be  r e a d i ly  p o p u la te d  a t  in te rm e d ia te  e n e rg ie s . A lth o u g h  th e  
s in g le t  a m p litu d e  may n o t  h a v e  a m arked  e f f e c t  on th e  e la s t ic  c ro s s -  
s e c tio n , due  to  th e  ab se n c e  o f  an y  c e n t r a l  in te r a c t io n ,  i t s  a d d i t io n  to  
th e  W atanabe a m p litu d e  c o u ld  h a v e  an  o b s e rv a b le  e f f e c t  on th e  s p in -  
o b s e rv a b le s , and  in  p a r t i c u la r  on A ^^.
The sum o f th e  n -  an d  p - t a r g e t  s p in - o r b i t  in t e r a c t io n s  may be 
r e w r i t te n  in  a  fo rm  t h a t  i s o la te s  th e  d i f f e r e n t  b re a k u p  e f fe c ts ,
V f  (R ,r )  = + V - ( r „ ) i _ „ . . „
= ).S -  iV®°(RxV + rx V ^ /4 ).SÙ + — — — — — r  — rc —
+ •^V^°(L + J ) .S ' -  iV®°(RxV +rxV /4 ) .S ' .2 -  — — — + — r  — R —
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H ere, = V ^°(r ) ± V ^°(r ), L and  i a re  th e  n -p  c.m. and  r e la t iv e± P P n n — —
o r b i t a l  a n g u la r  m om enta an d  S = , S ' = (oip“ 0^j^)/2 . In  th e
K yushu  s tu d y  o n ly  th e  f i r s t  te rm  and  th e  rxV^^ p a r t  o f th e  seco n d  
te rm  a re  in c lu d e d  in  th e  c a lc u la t io n s .  W hereas th e  f i r s t  tw o te rm s  a re  
re s p o n s ib le  f o r  s p in - t r i p l e t  s t a t e  b re a k u p  (S=l), th e  l a t t e r  tw o te rm s  
co u p le  to  s p in - s in g le t  s t a t e s  (S=0).
7.2 C a lc u la tin g  th e  seco n d  o rd e r  s in g le t  a m p litu d e
The seco n d  o rd e r  a m p litu d e  d u e  to  s in g le t  b re a k u p  is
AT^l^n(PW) = Z .V --------
im  Jq J ( 2ti)
" 2 k d k 3 V Q ^ (K ',K " ,k ,i,m ,M ')
 V ^ .(K ,K " ,k ,J  ,m,M) , (7-2.2)
E -E g.,,+ ie
w h ere  th e  co u p lin g  p o te n t ia l s  to  an d  from  s in g le t  s p in  s t a t e s  a re  
d e f in e d
V ^ o (K ,K " ,k ,J  ,m,M) = < K " J m I I KM> , (7.2.3)
V Q ^(K ',K ",k ,J  ,m,M') = < K 'M ' | | K " J m > . (7.2.4)
The p o te n t ia l ,  is  a s  d e f in e d  in  e q u a tio n  (6.2.6). F o llow ing  th e
p ro c e d u re  o f p re v io u s  c h a p te r s ,  we w ill e v a lu a te  th e  f i r s t  o f  th e s e  
co u p lin g  p o te n t ia l s  an d  th e n  u se  th e  p ro p e r t ie s  o f  tim e  r e v e r s a l  to  
f in d  th e  o th e r  one. E q u a tio n  (7.2.3) can  be w r i t te n
V®p(K,K",k,J,m,M) = j #  j d r  " u*(k ,r )  Y % ( r )  Xgg
V47t
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I s o la t in g  th e  s p in  te rm s  an d  u s in g  th e  W ig n e r-E rk a rt th e o re m  we se e  
t h a t
i-p -< ^oo  l e p  I ^ i m " =
^ n -"^0 0  l 2n
F o llow ing  th e  sam e s te p s  a s  in  Appendix A  we f in d  th a t
V ® p(K .K ",k ,J,m ,M ) = ~ ^ | qV®°(Q) ( l - ( - ) ' ' )  | ^ u * ( k , r )
h m ®  e -^ 2 -£ /2  , (7.2.8)
w h ere  V (Q) is  th e  F o u r ie r  t r a n s fo rm  o f  th e  p ro to n  s p in - o r b i t  p o te n ­
t i a l ,  d e f in e d  in  e q u a t io n  (6.2.10), an d
, . , i  (7.2.9)A m ( £ . Q . K )  = - ^ ( Q x r ) „  + U g ( r ) | ( Q x K ) j
U sing th e  p r o p e r t ie s  o f th e  tim e  r e v e r s a l  o p e ra to r  from  e q u a tio n  
(4.3.11) we can  see  t h a t  th e  seco n d  c o u p lin g  p o te n t ia l  is  g iv en  by,
V ® j^(K ',K ",k ,J,m ,M ') = ^ V ® ° ( Q ')  ( l - ( - ) ^  ) Uj ( k ,r ')
Y j ^ ( r ' )  A '_ ^ , ( r ’,Q ',K ')  , (7.2.10)
= —7 — (2 'x r ') _ ^ ,  -  U Q (r ') |(Q 'x K ')_ ^ , .
S u b s t i tu t in g  fo r  th e  c o u p lin g  p o te n t ia l s  b ack  in to  e q u a t io n  (7.2.2) an d  
c a r ry in g  o u t th e  a lg e b ra , we o b ta in
V r ’ H T f  ‘ *
(PW) = -W (2rQ D _ D '„  , ( a ,a ' ,Q ,Q ')  , (7-2.12)
J ( 211)'’ È -E j^ ,,+ ie
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D 'M .M '( a .a ' '2 .2 ')  = F " ( q .q ') ( 2 x K ) ^ ( 2 'x K ') _ ^ ,
+ iF + (q ,q ' )  [ ( 2 x a ) „ ( Q ' x K ' ) . ^ ,  -  (2xK)M(Q'><a')-M'] 
-4  H“ (q.q') ( 2 x a ) ^  (Q'xa)-M'
+ 8 H 2 (q .q ')A ^ _ ^ ,(2 .2 ')  • (7.2.13)
The r e a d e r  is  r e f e r r e d  to  Appendix  B.4 f o r  th e  f u l l  d e r iv a tio n .  The 
fu n c tio n s  F(q), H ^(q), H^Cq) w ere  d e f in e d  in  e q u a t io n s  (4.3.19), (6.3.11) 
an d  (6.3.13) re s p e c t iv e ly , an d  F “ (q ,q ')  = F (q )± F (q ')  , H7 = H^(q)±H j^(q') . 
The fu n c tio n  w as d e f in e d  in  e q u a t io n  (B.4.8).
Figures  (25-27) show  th e  e f f e c ts  o f s p in - s in g le t  b re a k u p  on th e  
s c a t te r in g  o b s e rv a b le s  f o r  th e  th r e e  sy stem s u n d e r  c o n s id e ra tio n  u s in g  
th e  tw o s e ts  o f  o p t ic a l  m odel p a ra m e te rs  from  c h a p te r  2. A gain, th e  
K yushu p a ra m e te rs  p r e d ic t  l a r g e r  e f f e c ts  th a n  do th e  GF ones. U n lik e  
th e  s p in - t r i p l e t  c ase , th e  d if f e re n c e  in  m ag n itu d e  o f  th e  b re a k u p  
e f f e c t  on a l l  th e  o b s e rv a b le s  b e tw e e n  th e  tw o s e t s  o f  p a ra m e te rs  is  
m ore p ro n o u n ced .
The e f f e c t  o f s p in - s in g le t  b re a k u p  on th e  c ro s s - s e c t io n s  an d  v e c ­
t o r  an a ly z in g  p o w ers  A^ is  v e ry  sm all, b e in g  a lm o st n e g lig ib le  a t  700 
MeV. I t s  e f f e c t  on th e  te n s o r  a n a ly z in g  pow er, h o w ev er, is  v e ry  la rg e .
I f  one com pares th e  te n s o r  an a ly z in g  p ow ers  from  F igures  22 an d  25 
fo r  th e  d -^^N i sy stem  a t  400 MeV, i t  is  c le a r  t h a t  th e  e f f e c t  o f s p in -  
s in g le t  b re a k u p  is  ro u g h ly  te n  tim es  th e  s ize  o f  th e  s p in - t r i p l e t  
e f fe c t .  The m ag n itu d e  o f  th e  o s c i l la t io n s  ( a f te r  th e  a d d i t io n  o f s p in -  
s in g le t  b re a k u p )  is  m uch la r g e r  th a n  w ould  be  r e q u ir e d  to  m ake u p  th e  
d isc re p a n c y  b e tw een  th e o ry  an d  d a ta .
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Figure  25 C ro s s - s e c tio n s ,  v e c to r  a n d  te n s o r  an a ly z in g  p o w ers  f o r
C Q S- C ON i(d ,d )  Ni a t  400 MeV. The s o l id  a n d  d a sh e d  c u rv e s  a re  th e  r e s u l t s  
o f  F o ld in g  m odel c a lc u la t io n s  o n ly , an d  fo ld in g  + se c o n d  o rd e r  b r e a k u p  
c o n t r ib u t io n s  to  s p in - s in g le t  in te rm e d ia te  s t a t e s ,  r e s p e c t iv e ly .  T he 
l e f t -  a n d  r ig h t - h a n d  s id e s  a re  fro m  th e  K yushu  an d  GF o p tic a l  p o te n ­
t i a l  p a ra m e te r s ,  r e s p e c t iv e ly .
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Figure  26 As f o r  F ig u re  25, b u t  f o r  '  ' N i(d ,d )^ ^ N i a t  700 MeV.
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Figure  27 As fo r  F ig u re  25, b u t  f o r  ^ ^ C a (d ,d )^ ^ C a  a t  700 MeV, O nly  th e  
GF o p tic a l  p o te n t ia l  p a ra m e te rs  w ere  u sed  as  th e  K yushu p a ra m e te r s  
w ere  u n a v a ila b le  fo r  t h i s  sy stem .
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The e f f e c t  on th e  te n s o r  a n a ly z in g  p o w ers  a t  700 MeV is  n o t so  
en co u ra g in g ; I t  c a u se s  som e o f  th e  o s c i l la t io n s  to  u n d e rg o  a lm o s t a 
180 ° p h a se  change . One w ou ld  e x p e c t th e  p la n e  w ave fo rm alism  
ap p ro a c h  to  be  m ore v a l id  th e  h ig h e r  th e  en erg y . As m en tio n ed  in  th e  
l a s t  c h a p te r ,  h o w ev er, th e  r o le  o f d is to r t io n  e f f e c ts  a r e  f a r  from  c le a r  
and  th e i r  a b sen ce  may w ell be  th e  c a u se  o f  th i s  s t r a n g e  b e h a v io u r .
Th<5 s p in - s in g le t  b re a k u p  a f f e c t  on A^^ s u g g e s ts  th e  e x is te n c e  
o f a d y n am ica lly  in d u c e d  e f f e c t iv e  te n s o r  in te r a c t io n .  Of th e  th r e e  
a llo w ed  ty p e s  o f te n s o r  in te r a c t io n s  in  th e  d e u te ro n  o p tic a l  p o te n t ia l ,  
th e  and  Tp ty p e s  h a v e  a l re a d y  been  in v e s t ig a te d .  T h is  le a v e s  o n ly
th e  p o te n t ia l  a s  a  p o s s ib le  s o u rc e  o f th e s e  la rg e  e f fe c ts .
To ch eck  p h e n o m en o lo g ic a lly  th e  s e n s i t iv i ty  o f  A^^ to  th e  p r e s ­
ence o f a Tj^ p o te n t ia l ,  th e  e l a s t ic  s c a t te r in g  o b s e rv a b le s  f o r  th e  d -  
^^Ni sy stem  a t  400 MeV w ere  c a lc u la te d  u s in g  th e  p r e s c r ip t io n  o f 
c h a p te r  2, w ith  an  a d d ed  Tj^ p o te n t ia l  (in  th e  code DDTP). The fo rm fa c - 
t o r  f o r  th i s  p o te n t ia l  w as ta k e n  to  b e  t h a t  o f Urpp(R) from  c h a p te r  3, 
b u t  m u ltip l ie d  by a  f a c to r  o f  0.05. Figure  28 show s th e  r e s u l t in g  A ^^ .
I t  is  c le a r  t h a t  ev en  fo r  a  v e ry  sm all Tj  ^ p o te n t ia l  (one te n th  o f th e  
s t r e n g th  o f a  Tp p o te n t ia l  t h a t  h a d  no e f f e c t  on A ^^), th e  a m p litu d e  
o f  th e  o s c i l la t io n s  in  A^^ in c re a s e s  s ig n if ic a n tly .
7.3 The b re a k u p  in d u c e d  e f f e c t iv e  T^^  te n s o r  in te r a c t io n
A c o n v e n ie n t w ay o f  c o n n e c tin g  th e  sp in  o b s e rv a b le s  w ith  e f f e c ­
t iv e  c e n tr a l ,  s p in - o r b i t  an d  te n s o r  in te r a c t io n s  a r is in g  from  th e  v i r ­
tu a l  b re a k u p  o f th e  d e u te ro n  is  th ro u g h  in v a r ia n t  a m p litu d e s , c l a s s i ­
f ie d  a c c o rd in g  to  th e  te n s o r  r a n k  in  sp in  sp ace . The e la s t ic  t r a n s i t io n
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Figure  28 The te n s o r  analyzing  p o w er fo r  ^ ^ N i(d ,d )^ ^ N i a t  400
MeV. S o lid  an d  d a sh e d  cu rv es  show  th e  r e s u l t s  o f F o ld in g  m odel c a lc u ­
la t io n s  w ith  an d  w ith o u t an ad d ed  T ^ - ty p e  te n s o r  in te r a c t io n ,  r e s p e c ­
tiv e ly . The r a d ia l  form  o f th e  T^  ^ p o te n t ia l  w as ta k e n  to  be t h a t  o f  th e  
Tp p o te n t ia l  u se d  in  C h ap te r 3, b u t  m u lt ip l ie d  by a f a c to r  o f 0.05 (i.e . 
T^(R=0)=0.03 MeV).
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m a trix , M, d u e  to  v i r t u a l  b re a k u p  w as d e f in e d  in  c h a p te r  6, by  d e s ig ­
n a t in g  th e  row  an d  colum n by  th e  z -com ponen t o f  th e  d e u te ro n  sp in  in  
th e  I n i t i a l  and  f in a l  s ta t e s ,  re s p e c t iv e ly . T h a t is
"A B c  ■
D E -D
C -B A _
= A--E - '/2(B
(7.3.1)
am p litu d e s . We can  w r ite  R so  as  to  ch oose  fo u r  new  a m p litu d e s
4 7co m p ris in g  a s c a la r ,  v e c to r  an d  tw o te n s o r  a m p litu d e s  d e f in e d  as  
U = 2A+E 
S 5 B-D
T^ = B+D
Tg 5 C + ] |( B tD ) c o t ( e /2 )  . (7.3.2)
T hus, T^ and  T^ a re  a m p litu d e s  a r is in g  p r im a r ily  d u e  to  seco n d  r a n k
e f fe c t iv e  in te r a c t io n s  a r is in g  from  v i r tu a l  b re a k u p . I t  h a s  been
sho-wn"^^ th a t ,  in  th e  l im it o f PWBA, T^ d e s c r ib e s  s e le c tiv e ly  th e
e f fe c ts  o f a T j^-type  te n s o r  in te r a c t io n  an d  T^ th o s e  o f a  T j^-type. As
a D -s ta te  is  n o t in c lu d e d  in  th e  tw o -s te p  PW fo rm alism , th e n  T is^ a
e x p e c te d  to  be sm all an d  T^ to  d ep en d  p re d o m in a n tly  on th e  a m p litu d e  
C, w h ich  c o rre sp o n d s  to  a s p in  chan g e  o f M-M’=2. H ence, la rg e  v a lu e s  
o f C a re  e x p e c te d  to  b e  d u e  to  th e  p re se n c e  o f an e f f e c t iv e  T^ 
in te ra c t io n .
“104“
When s p in - s in g le t  b re a k u p  e f f e c ts  w ere  in c lu d e d  (F igure 25), th e  
n u m e rica l v a lu e s  o f  th e  f iv e  a m p litu d e s  (A,B,C,D an d  E) w ere  ch eck ed .
I t  w as fo u n d  t h a t  C w as th e  d o m in an t one a t  th o s e  a n g le s  fo r  w h ich  
Ayy show ed  th e  g r e a te s t  ch an g e , su g g e s tin g  th a t  i t  is  in d e e d  an  e f f e c ­
t iv e  Tj^ p o te n t ia l  t h a t  is  th e  c a u s e  o f th i s  la rg e  e f fe c t .
W hat rem a in s  to  b e  c l a r i f ie d  is  th e  re a s o n  why th i s  b e h a v io u r  is  
n o t seen  in  th e  s p in - t r i p l e t  ca se . When th e  e x p re s s io n s , d e f in e d  in  
e q u a t io n s  (6.3.10) and  (7.2.13), f o r  th e  s p in  s t r u c tu r e  o f  and  
A T^'g(PW ) w ere  s tu d ie d , i t  w as fo u n d  th a t  th e  f i r s t  te rm  w as r e s p o n ­
s ib le  fo r  th e  d ia g o n a l e lem en ts , A and  E, in  th e  m a tr ix  R , b u t  d id  n o t  
c o n t r ib u te  m uch to  th e  o f f -d ia g o n a l  e lem en ts . T h is  te rm  w as fo u n d  to  
be  la rg e r  in  th e  t r i p l e t  c a se  th a n  in  th e  s in g le t  case . On th e  o th e r  
h an d , th e  seco n d  an d  f o u r th  te rm s  c o n tr ib u te d  m ain ly  to  th e  o f f -  
d ia g o n a l e lem en ts , an d  to  C in  p a r t ic u la r .  The th i r d  te rm  w as fo u n d  to  
be  sm all f o r  b o th  th e  s in g le t  an d  t r i p l e t  c ases .
C o n c e n tra tin g , th e re f o r e ,  on th e  seco n d  and  f o u r th  te rm s , we s e t  
th e  i n i t i a l  and  f in a l  sp in s , M an d  M', to  1 an d  -1, r e s p e c t iv e ly . T h is 
c o rre sp o n d s  to  th e  m a tr ix  e lem en t C. The s p in  a lg e b ra  f o r  b o th  th e  
s in g le t  and  t r i p l e t  c a se s  w as fo u n d  to  be id e n tic a l .  T hus, th e  on ly  
d if fe re n c e  b e tw ee n  th e  tw o c a se s  w as in  th e  r a d ia l  fu n c tio n s .  T hese  
w ere  F and  H2 fo r  th e  t r i p l e t  ca se , an d  F^ an d  f o r  th e  s in g le t  
case . Now, th e  F o u r ie r  t r a n s fo rm s  o f th e  p o te n t ia l s ,  t h a t  a p p e a r  in  
th e  b re a k u p  e x p re s s io n s , r e s t r i c t  th e  in te rm e d ia te  mom entum t r a n s f e r s ,  
Q and  Q', to  v e ry  sm all v a lu e s  (F igure 16), an d  h en ce  th e  q u a n t i ty ,  
q -q ' is  n e v e r  v e ry  la rg e . I t  fo llo w s , th e re fo re ,  t h a t  F and  a re  
v e ry  sm all in  co m p ariso n  w ith  t h e i r  c o u n te rp a r ts  in  th e  s in g le t  case .
I t  is  th i s  d if fe re n c e  in  m a g n itu d e  b e tw een  th e s e  fu n c tio n s  t h a t  m akes
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th e  am p litu d e  C so  la rg e  f o r  th e  s in g le t  c a se  in  r e la t io n  to  th e  t r i p l e t  
case .
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CHAPTER 8
DISCUSSION AND CONCLUSIONS
'W hat is  th e  u se  o f  a  b o o k ,' th o u g h t  A lice, 'w ith o u t p ic tu r e s  o r  
c o n v e rs a t io n s  ?'
L ew is C a rro ll  : A l ic e 's  Adventures  
i n  Wonderland.
'Y ou may c a l l  i t  "n o n sen se"  i f  you  l ik e , ' sh e  s a id , 'b u t  I 'v e  
h e a rd  n o n se n se , com pared  w ith  w h ich  t h a t  w ou ld  b e  a s  s e n s ib le  
a s  a  d ic t io n a ry  !'
Lew is C a rro ll. Ib id .
The e la s t ic  s c a t te r in g  o f  p o la r iz e d  d e u te ro n s  from  m edium  m ass, 
sp in -z e ro , n u c le i  a t  in te rm e d ia te  e n e rg ie s  h a s  b e e n  a  f ie ld  in  w h ich , 
o v e r  th e  l a s t  s e v e ra l  y e a rs ,  m uch in t e r e s t  h a s  b e e n  fo c u se d . To d a te  
no n e  o f th e  many th e o r e t ic a l  m odels h a s  b een  fu l ly  s u c c e s s fu l  in  
re p ro d u c in g  th e  e x p e r im e n ta l o b s e rv a b le s  o th e r  th a n  by  a d ju s tm e n t o f  
p a ra m e te rs . T hus, th e  n e e d  is  f o r  a  m odel in  w h ich  one  can  in c o rp o ra te  
and  s tu d y  in d iv id u a l  e f f e c ts  t h a t  may h av e  an  im p o r ta n t  ro le  to  p la y  
in  th e  r e a c t io n  m echanism . In  th i s  w ork, we h a v e  u s e d  a  th re e -b o d y  
m odel an d  v a r io u s  h ig h  e n e rg y  a p p ro x im a tio n s  in  o rd e r  to  u n d e r s ta n d  
s e v e ra l  su c h  r e a c t io n  m echan ism s an d  e f fe c ts ,  th e  im p o rta n c e  o f  w h ich  
h a s  b een  open  to  q u e s tio n .
In  c h a p te r  2, we u se d  th e  S in g le  F o ld in g  M odel to  o b ta in  d e u te ro n  
o p t ic a l  p o te n t ia l s  b a se d  on  th e  u n d e r ly in g  n u c le o n - ta rg e t  in te r a c t io n s .  
Two s e ts  o f n u c le o n  o p t ic a l  p o te n t ia l  p a ra m e te rs , b a se d  on  th e  D irac  
m odel, w ere  u sed . B o th  h o w e v e r a r e  r e q u ir e d  to  f i t  p ro to n -n u c le u s
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e la s t ic  s c a t te r in g  a t  e n e rg ie s  f o r  w h ich  d a ta  a re  u n a v a ila b le . The f i r s t  
s e t  o f  p a ra m e te rs , p ro v id e d  by  th e  K yushu  g ro u p é , w ere  e x t ra p o la te d  
from  th e  p a ra m e te rs  u se d  to  f i t  p ro to n  s c a t te r in g  d a ta  fo r  th e  c lo s e s t  
r e a c t io n  in  en e rg y  an d  ta r g e t  m ass fo r  w h ich  d a ta  is  a v a ila b le . F o r
C  Qin s ta n c e , th e  p o te n t ia l s  f o r  p-'" Ni a t  200 MeV w ere  o b ta in e d  from  th e  
p o te n t ia l s  f o r  p -^ ^ C a  a t  200 MeV. The g lo b a l f i t  p o t e n t i a l s '^  in v o lv e  
in te rp o la t in g  b e tw een  m any p o te n t ia l  p a ra m e te rs  u s e d  to  f i t  p ro to n  
s c a t te r in g  d a ta  o v e r  a  w ide ra n g e  o f  e n e rg ie s  an d  f o r  m any ta rg e ts .
The d if fe re n c e s  b e tw ee n  th e  p ro to n  s c a t te r in g  o b s e rv a b le s  o b ta in e d  
u s in g  th e  tw o s e ts  o f  p o te n t ia l s  w ere  fo u n d  to  becom e la rg e r  w ith  
in c re a s in g  an g le  u n t i l ,  a t  70 “ th e y  w ere  o u t o f  p h a s e  by  a b o u t 4 “ 
(Figure 2 ) . The d e u te ro n  s c a t te r in g  o b s e rv a b le s , o b ta in e d  by  fo ld in g  
and  th e n  so lv in g  th e  S c h ro  d in g e r  e q u a tio n , show ed  an  ev en  la rg e r  
d if fe re n c e , im ply ing  t h a t  d e u te ro n  s c a t te r in g  i s  a  u s e fu l  p ro b e  o f 
n u c leo n  o p t ic a l  p o te n t ia l s .  I t  is  im p o ss ib le  to  sa y  in  th e  p r e s e n t  ca se , 
w h ere  th e  p ro to n  d a ta  a re  n o t  a v a i la b le ,  w h ich  s e t  o f  p o te n t ia l  p a ram ­
e te r s  w ill g iv e  th e  b e t t e r  th e o r e t ic a l  d e s c r ip t io n  o f  d e u te ro n  s c a t t e r ­
ing . N e v e rth e le s s , m ore r e f in e d  a n a ly se s  o f d e u te ro n  s c a t te r in g  s u c h  a s  
p re s e n te d  h e re  may be u s e fu l  f o r  so lv in g  th e  am b ig u ity  o f th e  p a ram e­
te r s  s e ts  o f  th e  n u c le o n -n u c le u s  o p tic a l  p o te n t ia l .
The d if fe re n c e s  b e tw ee n  th e  d e u te ro n  s c a t te r in g  o b se rv a b le s  f o r  
th e  tw o s e ts  o f p o te n t ia l s  w ere  n o t  so  m arked  a t  700 MeV as  fo r  400 
MeV. B oth  s e ts  o f  o b s e rv a b le s  w ere  in  good q u a l i t a t iv e  ag reem en t 
w ith  th e  d a ta  f o r  th e  sy s tem s  s tu d ie d  (Figures  7,8,9). I t  w as fo u n d  
e s s e n t ia l ,  h o w ev er, to  in c lu d e  th e  T^ te n s o r  in te r a c t io n ,  g e n e ra te d  by 
th e  d e u te ro n  D -s ta te  in  th e  F o ld in g  m odel, in  o rd e r  to  re p ro d u c e  th e  
s t r u c tu r e  o f  p a r t i c u la r ly  a t  700 MeV (Figure  9). T h is  im p lie s  t h a t
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t h e  e f f e c t s  a s s o c i a t e d  w i t h  t h e  s p a t i a l ,  o r i e n t a t i o n  o f  t h e  d e u t e r o n  
b e c o m e  m o r e  i m p o r t a n t  w i t h  i n c r e a s i n g  e n e r g y .  T h e  f a c t  t h a t  t h e  T ^  
p o t e n t i a l  i s  l a r g e r  a t  7 0 0  M e V  t h a n  a t  4 0 0  M e V  (Figures  4 ,5 )  r e f l e c t s  
t h e  r e l a t i v e  m a g n i t u d e s  o f  t h e  n u c l e o n  c e n t r a l  a n d  s p i n - o r b i t  p o t e n ­
t i a l s  a t  3 5 0  a n d  2 0 0  M e V  r e s p e c t i v e l y  (Figure 3 ) .  T h e  n u c l e o n  c e n t r a l  
p o t e n t i a l  i s  s t r o n g e r  f o r  t h e  h i g h e r  e n e r g y  c a s e ,  w h e r e a s  t h e  s p i n -  
o r b i t  p o t e n t i a l  i s  w e a k e r .
I n  a d d i t i o n  t o  a  T ^  p o t e n t i a l ,  r e l a t i v i s t i c  k i n e m a t i c s  a l s o  h a d  t o  
b e  i n c l u d e d  ( i n  t h e  D D T P  c o d e  w h i c h  s o l v e s  t h e  S c h r o  d i n g e r  e q u a t i o n )  
i n  o r d e r  t o  o b t a i n  g o o d  a g r e e m e n t  w i t h  t h e  d a t a  f o r  a l l  t h e  o b s e r v ­
a b l e s ,  p a r t i c u l a r l y  a t  7 0 0  M e V  (Figure 1 1 ) . A  f u l l  r e l a t i v i s t i c  t r e a t m e n t ,  
h o w e v e r ,  a p p e a r s  u n n e c e s s a r y  a t  t h e s e  e n e r g i e s .
I n  c h a p t e r  3 , t h e  e f f e c t  o f  t h e  P a u l i  E x c l u s i o n  P r i n c i p l e ,  i n  b l o c k ­
i n g  c e r t a i n  s t a t e s  o f  n - p  r e l a t i v e  m o t i o n ,  w a s  s t u d i e d  u s i n g  p e r t u r b a ­
t i o n  t h e o r y  a n d  a  l o c a l  m a t t e r  a s s u m p t i o n  f o r  t h e  t a r g e t  n u c l e u s .  T h e  
r e s u l t i n g  T p  t e n s o r  i n t e r a c t i o n  w a s  f o u n d  t o  b e  g r e a t e s t  a t  4 0 0  M e V , 
d e c r e a s i n g  t h e r e a f t e r  w i t h  i n c r e a s i n g  e n e r g y .  E v e n  a t  4 0 0  M e V , h o w ­
e v e r ,  t h e  e f f e c t  o n  t h e  o b s e r v a b l e s  w a s  f o u n d  t o  b e  n e g l i g i b l e .
T h e  r e m a i n d e r  o f  t h e  t h e s i s  c o n c e r n e d  t h e  i n v e s t i g a t i o n  o f  t h e  
e f f e c t s  o f  v i r t u a l  b r e a k u p .  P r e v i o u s l y ,  t h e  K y u s h u  g r o u p  h a v e  i n c l u d e d  
t h i s  e f f e c t  i n  t h e i r  C D C G ^  c a l c u l a t i o n s ,  b u t  n e g l e c t e d  t h e  e f f e c t  o f  
s p i n - s i n g l e t  b r e a k u p .  T h e y  a l s o  l e f t  s e v e r a l  i m p o r t a n t  q u e s t i o n s  i n  
n e e d  o f  a n s w e r s .
T h e  f o r m a l i s m  d e v e l o p e d  i n  c h a p t e r s  4 ,6  a n d  7 , t o  c a l c u l a t e  t h e  
e f f e c t s  o f  v i r t u a l  b r e a k u p ,  m a d e  s e v e r a l  a p p r o x i m a t i o n s .  A m o n g  t h e s e ,  
w a s  t h e  a s s u m p t i o n  t h a t  w e  n e e d  o n l y  l o o k  a t  s e c o n d  o r d e r  ( i n
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b r e a k u p )  a m p l i t u d e s ,  a n d  a s s u m e  p l a n e - w a v e s  f o r  t h e  i n i t i a l ,  i n t e r ­
m e d i a t e  a n d  f i n a l  d e u t e r o n  s t a t e s .  T h i s  m o d e l  d o e s  n o t  a l l o w  f o r  c o u ­
p l i n g  b e t w e e n  b r e a k u p  s t a t e s ,  k n o w n  a s  c o n t i n u u m - c o n t i n u u m  (C C )  c o u ­
p l i n g .  T h i s  e f f e c t  i s  i n c l u d e d  a u t o m a t i c a l l y  i n  t h e  C D C C  c a l c u l a t i o n s
a n d  i t s  p r e s e n c e  w a s  f o u n d  t o  g i v e  r i s e  t o  s i g n i f i c a n t  e f f e c t s  o n  t h e
4  4 7o b s e r v a b l e s  a t  d e u t e r o n  e n e r g i e s  o f  5 6  a n d  8 0  M e V  *
I n  c h a p t e r  5 , t h e  b r e a k u p  e f f e c t s  w e r e  s t u d i e d  i n  G l a u b e r  t h e o r y .  
D u e  t o  t h e  d i f f i c u l t y  o f  i n c o r p o r a t i n g  a  s p i n - o r b i t  p o t e n t i a l  i n t o  t h i s  
f o r m a l i s m ,  a n  a c c u r a t e  d e s c r i p t i o n  o f  t h e  b r e a k u p  e f f e c t  w a s  n o t  
i n t e n d e d .  T w o  i m p o r t a n t  q u e s t i o n s  w e r e ,  h o w e v e r ,  a n s w e r e d ;
(1 )  T h e  s e c o n d  o r d e r  a p p r o x i m a t i o n ,  w h i c h  d i s r e g a r d s  C C  c o u p l i n g ,  
w a s  f o u n d  t o  b e  i n  c l o s e  a g r e e m e n t  w i t h  t h e  f u l l  t w o - s t e p  a m p l i ­
t u d e  ( o n e  i n  w h i c h  b r e a k u p  i s  i n c l u d e d  t o  a l l  o r d e r s ) .  T h i s  
i m p l i e s  t h a t  C C  c o u p l i n g  i s  u n i m p o r t a n t  a t  i n t e r m e d i a t e  e n e r g i e s ,  
a n d  i s  i n  s h a r p  c o n t r a s t  w i t h  t h e  r e s u l t s  o f  t h e  C D C C  c a l c u l a ­
t i o n s  a t  l o w e r  e n e r g i e s  (< 1 0 0  M e V ).
(2 )  T h e  e f f e c t s  o f  d i s t o r t i o n  o n  t h e  e x i t  a n d  e n t r a n c e  c h a n n e l  
p l a n e - w a v e s  a n d  t h e  p r o p a g a t o r ,  d u e  p r i m a r i l y  t o  t h e  s t r o n g  
i m a g i n a r y  p a r t  o f  t h e  d e u t e r o n  c e n t r a l  i n t e r a c t i o n ,  w e r e  f o u n d  
t o  h a v e  a n  i m p o r t a n t  e f f e c t  o n  t h e  t w o - s t e p  a m p l i t u d e .  C a l c u l a ­
t i o n s ,  w i t h  a n d  w i t h o u t  t h e  G l a u b e r  d i s t o r t i o n  f a c t o r  s h o w e d  t h e  
t w o  a m p l i t u d e s  t o  d i f f e r  i n  m a g n i t u d e  a n d ,  m o r e  i m p o r t a n t l y ,  i n  
p h a s e  (Figure 1 8 ) .  T h i s  c h a n g e  i n  p h a s e  a t  a n g l e s  b e y o n d  1 5 °  
w a s  f o u n d  t o  h a v e  a  p r o f o u n d  e f f e c t  o n  t h e  o b s e r v a b l e s  a t  t h e s e  
a n g l e s ;  t h e  r e s u l t  o f  s u p e r p o s i t i o n  a n d  c a n c e l l a t i o n  e f f e c t s  t h a t  
o c c u r  w h e n  t h e  t w o - s t e p  a m p l i t u d e  i s  a d d e d  t o  t h e  W a t a n a b e
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a m p l i t u d e  (Figure 1 9 ) .  T h i s  m e a n s  t h a t  o n e  c a n n o t  o b t a i n  a c c u ­
r a t e  q u a n t i t a t i v e  e s t i m a t e s  b a s e d  o n  t h e  PW  f o r m a l i s m ,  u n l e s s  
d i s t o r t i o n  e f f e c t s  c a n  s o m e h o w  b e  i n c o r p o r a t e d .  T h i s  e x t e n s i o n  
w o u l d  p r o v e  t o  b e  a  v e r y  u s e f u l  f u t u r e  p r o j e c t .
I n  c h a p t e r  6 , t h e  v i r t u a l  b r e a k u p  o f  t h e  d e u t e r o n  t o  s p i n - t r i p l e t  
i n t e r m e d i a t e  s t a t e s  w a s  c a l c u l a t e d  i n  t h e  PW  f o r m a l i s m ,  i n  w h i c h  t h e  
s p i n  a l g e b r a  w a s  c a r r i e d  t h r o u g h  i n  f u l l .  T h e  e f f e c t  o n  t h e  o b s e r v a b l e s  
w a s  f o u n d  t o  b e  l a r g e  a t  b o t h  4 0 0  a n d  7 0 0  M e V . A l t h o u g h  o n e  m u s t  
r e m e m b e r  t h a t  t h e  i n c l u s i o n  o f  d i s t o r t i o n  e f f e c t s  w o u l d  b e  e x p e c t e d  t o  
m o d e r a t e  t h e  e f f e c t  c o n s i d e r a b l y  o v e r  t h e  w h o l e  a n g u l a r  r a n g e ,  t h e  
e f f e c t  o n  w a s  n e v e r t h e l e s s  r e l a t i v e l y  s m a l l .  T h i s  a g r e e s  w i t h  t h e  
r e s u l t s  o f  t h e  C D C C  c a l c u l a t i o n s  a n d  i m p l i e s  t h e  n e a r  a b s e n c e  o f  a n  
e f f e c t i v e  T j ^ - t y p e  t e n s o r  i n t e r a c t i o n  i n  t h e  s p i n - t r i p l e t  c a s e .
I n  c h a p t e r  7 , t h e  s a m e  p r o c e d u r e  w a s  c a r r i e d  o u t  b u t  f o r  t h e  c a s e  
o f  b r e a k u p  t o  s i n g l e t  s p i n  s t a t e s .  T h e  e f f e c t s  o n  t h e  c r o s s - s e c t i o n  a n d  
v e c t o r  a n a l y z i n g  p o w e r ,  A ^ ,  w e r e  v e r y  s m a l l  a s  t h i s  c o u p l i n g  d o e s  n o t  
i n d u c e  a n  e f f e c t i v e  d e u t e r o n - n u c l e u s  c e n t r a l  i n t e r a c t i o n .  T h e  e f f e c t  o n  
A y y ,  h o w e v e r ,  w a s  s u r p r i s i n g l y  l a r g e .  T h i s  w a s  e x p l a i n e d  b y  s t u d y i n g  
t h e  s p i n  d e p e n d e n c e  o f  t h e  e f f e c t i v e  i n t e r a c t i o n  w h i c h  a r i s e s  f r o m  v i r ­
t u a l  b r e a k u p .  B y  u s i n g  t h e  i n v a r i a n t  a m p l i t u d e  m e t h o d ,  i t  w a s  f o u n d  
t h a t  t h e  p r e s e n c e  o f  a n  e f f e c t i v e  T ^ - t y p e  t e n s o r  i n t e r a c t i o n  i n  t h e  
b r e a k u p  f o r m a l i s m ,  w o u l d  g i v e  r i s e  t o  a  l a r g e  c o n t r i b u t i o n  i n  t h e  o f f -  
d i a g o n a l  e l e m e n t  o f  t h e  s c a t t e r i n g  m a t r i x ,  w h i c h  c o r r e s p o n d s  t o  a  s p i n  
c h a n g e  o f  |M - M ' | = 2  b e t w e e n  t h e  i n i t i a l  a n d  f i n a l  s t a t e s .  T h i s  m a t r i x  
e l e m e n t  w a s  f o u n d  t o  b e  v e r y  l a r g e  i n  t h e  s p i n - s i n g l e t  c a s e .
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I n  s u m m a r y ,  w e  h a v e  s h o w n  t h e  t h r e e ^ m o d e l  t o  b e  a  v e r y  s u c c e s s ­
f u l  t o o l  f o r  u n d e r s t a n d i n g  t h e  v a r i o u s  m e c h a n i s m s  t h a t  a r e  i m p o r t a n t  
i n  d e u t e r o n  e l a s t i c  s c a t t e r i n g  a t  i n t e r m e d i a t e  e n e r g i e s .  F u t u r e  w o r k  
n e e d s  t o  b e  d o n e ,  h o w e v e r ,  t o  g a i n  a  m o r e  a c c u r a t e  u n d e r s t a n d i n g  o f  
t h e  e f f e c t s  o f  b r e a k u p  t o  s i n g l e t  s p i n  s t a t e s .  T w o  a p p r o a c h e s  a r e  s u g ­
g e s t e d :
( 1 )  C a l c u l a t i n g  t h e  t w o - s t e p  a m p l i t u d e  i n  G l a u b e r  t h e o r y  u s i n g  a  
s p i n - o r b i t  p o t e n t i a l .
( 2 )  U s i n g  t h e  e x i s t i n g  p l a n e - w a v e  f o r m a l i s m ,  b u t  i n c o r p o r a t i n g  a  
d i s t o r t i o n  f a c t o r .
I n  a d d i t i o n ,  f u t u r e  C D C C  c a l c u l a t i o n s  m u s t  i n c l u d e  c o n t r i b u t i o n s  
t o  P - w a v e ,  s p i n - s i n g l e t ,  b r e a k u p  s t a t e s .
T h e  S a t u r n e  l a b o r a t o r y  a t  S a c l a y  r e m a i n s  t h e  o n l y  f a c i l i t y  i n  t h e  
w o r l d  w h i c h  c a n  p r o d u c e  a  p o l a r i z e d  d e u t e r o n  b e a m  a t  i n t e r m e d i a t e  
e n e r g i e s .  T h e  S c i e n t i f i c  P o l i c y  C o m m i t t e e  o f  L N S  ( L a b o r a t o i r e  N a t i o n a l  
S a t u r n e )  h a v e  n o w  r e c o m m e n d e d  a  s t u d y  o f  t h e  c o n s t r u c t i o n  o f  a  
p o l a r i z e d  ^ L i / ^ L i  s o u r c e  w h i c h  w i l l  b e  a b l e  t o  a c c e l e r a t e  t h e s e  n u c l e i  
t o  e v e n  h i g h e r  e n e r g i e s .  T h i s  w i l l  m e a n  m o r e  i n t e r m e d i a t e  e n e r g y  r e a c ­
t i o n  d a t a  i n  n e e d  o f  i n t e r p r e t a t i o n  u s i n g  t h e  s o r t  o f  t e c h n i q u e s  
d e v e l o p e d  h e r e .  I t  i s  h o p e d  t h a t  t h e  t w o - s t e p  f o r m a l i s m  c a n  b e  
a p p l i e d  t o  o t h e r  b r e a k u p  p r o c e s s e s  s u c h  a s  t h a t  o c c u r i n g  i n  t h e  e l a s ­
t i c  s c a t t e r i n g  o f  ^ L i .
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A P P E N D I X  A
D E R IV A T IO N  O F  T H E  S P I N - O R B I T  C O U P L IN G  P O T E N T I A L
I n  C h a p t e r  6 , t h e  s p i n - o r b i t  m a t r i x  e l e m e n t  V ^ q t h a t  c o u p l e s  t h e  
d e u t e r o n  g r o u n d  s t a t e  t o  t h e  c o n t i n u u m  w a s  n o t  d e r i v e d  i n  f u l l .  T h e  
a l g e b r a  t h a t  l e a d s  t o  t h e  f i n a l  f o r m  ( e q u a t i o n  6 .2 .9 ) )  w i l l  b e  c a r r i e d  
t h r o u g h  h e r e .  T h e  m a t r i x  e l e m e n t  i s  d e f i n e d  a s
V i Q ( K , K " , k , l  ,m ,M ,M " )  = < K "  M "  k  J m  | V ® ° + V ® ° | K  M , ( A . l )
w h e r e  K ,  K " ,  M a n d  M "  a r e  t h e  i n c i d e n t ,  a n d  i n t e r m e d i a t e ,  s t a t e  c e n ­
t r e  o f  m a s s  m o m e n t a ,  t h e  i n i t i a l  s p i n  p r o j e c t i o n  a n d  t h e  i n t e r m e d i a t e  
s p i n  p r o j e c t i o n  r e s p e c t i v e l y .  R e w r i t i n g  t h e  a b o v e  e q u a t i o n  i n  i n t e g r a l  
f o r m ,
V ® g ( K . K " . k . i , m , M , M " )  = j  ^  j  ^  e " ^ - '  u * ( k . r )  Y * ^ ( r )
V f  (R ,£ ) ~  %iM ' (A.2)yj4n
w h e r e  V ® ° ( R , r )  i s  t h e  s u m  o f  t h e  p r o t o n  a n d  n e u t r o n  s p i n - o r b i t  p o t e n ­
t i a l s ,
v f ( R , r )  = [V ® °( lR ^ f |) i_ p .ç ;p -^ V ^ °( |R -f |)J _ ^ .£ :^ ]  , ( A .3 )
a n d  t h e  i n i t i a l  a n d  i n t e r m e d i a t e  n - p  s p i n  e i g e n f u n c t i o n s
r e s p e c t i v e l y .
W e c a n  r e w r i t e  e q u a t i o n  ( A .2 )  b y  c o l l e c t i n g  t h e  s p i n  t e r m s ,
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V ® Q ( K , K " , k , i , m , M , M " )  = J ^  |  ^  e  u * ( k , r )  Y * ^ ( r )  ( V ® ° (  [ R + | |  )
u _ (r), M " M . „ s O / , „  r , ,  . „ M " M x_ A _  - i K . R
J4nip -m ; + V ( I s - f l
w h e r e  t h e  m a t r i x  e l e m e n t s  ^  a n d  ^  a r e  g i v e n  b y—p  —n
5 p " '^  = < ^ i M " l 2 : p l W  •
U s i n g  t h e  W i g n e r - E c k a r t  t h e o r e m ,  t h e s e  m a t r i x  e l e m e n t s  c a n  b e  
s o l v e d  t o  g i v e
< ' M  = S " " M  = - ,1 2  ê ^ . ^ „  . (A .6 )
w h e r e  = ( 1 M - M " 1 M "  | I M )  u s i n g  t h e  n o t a t i o n  ( j ^ m ^ j g m g  | J M ) ,  a n d
® M -M "  t h e  s p h e r i c a l  c o m p o n e n t  o f  t h e  u n i t  v e c t o r .
A s  t h e  p r o t o n  a n d  n e u t r o n  p o t e n t i a l s  a r e  a s s u m e d  t o  b e  e q u a l  i n  
t h i s  f o r m a l i s m ,  w e  n e e d  o n l y  l o o k  a t  t h e  p r o t o n  p a r t  o f  e q u a t i o n  (A .4 ) .  
T h e  o r b i t a l  a n g u l a r  m o m e n t u m  o p e r a t o r  i s  d e f i n e d  a s
i p  = £ p  X - i ' ? p  = - i ( R + r / 2 )  x  ( V ^ + V ^ / 2 )  . ( A .7 )
T h u s ,  t h e  d o t  p r o d u c t  i n  (A .4 )  b e c o m e s
i p - S p " ' ^  =>/2 i C ^ M "  [ ( S + £ / 2 )  X ( Y ? g / 2 ) ] ^ _ M „  . (A .8 )
T h e  p r o t o n  p a r t  o f  ( A .4 )  i s  t h e n
(V^o)p 1 n I  m  j  dr u *(k.r ) R+§ |)
(l") T tr D
[ ( R + r / 2 )  X ( V ^ r / 2 ) 1 m - M ”  • ( ^ - 9 )— — yl4n
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We now m ake th e  s u b s t i tu t io n ,  R + r/2  = x  , in  th e  ab o v e  e q u a t io n  
to  o b ta in
C ^ o ) p  | d x J ^ e " 2 - £ e ‘ ^ S - £ / 2 u * ( k . r ) Y j * j „ ( r )
u « ( r )
(V p ° U )  [X  X (V^+#K)-  yJ4n
= \|2  i  M [ ( | ^  -  V ^ ° ( x )  X ) X e  ^ u ^  ( k , r )
i(7^+ 2K ) ^M-M" *
A s  t h e  p o t e n t i a l  d e p e n d s  o n l y  o n  t h e  m a g n i t u d e  o f  x ,  w e  c a n  w r i t e ,
J ^ e ^ 2 - X v ^ O ( x ) x  = -IV q  V®°(Q) = - i g  5  5 qV®°(Q) . (A .ll)
w h e r e  V ^ ° ( Q )  i s  t h e  F o u r i e r  t r a n s f o r m  o f  ( x  ) .
C o m b i n i n g  t h e  p r o t o n  a n d  n e u t r o n  p a r t s  w e  o b t a i n ,
V ® g(K .K ".k ,i,m ,M ,M ") = ( ! + ( - / )
u * ( k .r )  [ g x  (7^+§K) U g(r) . (A.12)
T h e  r  i n t e g r a l  c a n  b e  s i m p l i f i e d  f u r t h e r  a s  U q d e p e n d s  o n l y  o n  t h e  
m a g n i t u d e  o f  r ,  s o  t h a t
a n d  e q u a t i o n  (A .1 2 )  c a n  b e  r e w r i t t e n
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C.
V ® p(K .K ",k ,2 ,m ,M ,M '') = ^  |qV ® °(Q ) ( 1 + ( - ) ^  )  j d r u * ( k . r )
^ * im ®  e ‘ " 2 - £ / 2  , (A .1 4 )
w h e r e
u ' ^ ( r )  . (A .1 5 )
"  r  ^ M -M "
- 1 1 6 -  
A P P E N D I X  B
D E R IV A T IO N  O F  T H E  S P I N - D E P E N D E N T  B R E A K U P  A M P L IT U D E S
B . l  D e r i v a t i o n  o f  T  ------------------------------------cs
T h e  a m p l i t u d e ,  T ^ ^ , i s  d e f i n e d  i n  e q u a t i o n  ( 6 .1 .5 )  a s  
d K  ' '
w h e r e  t h e  c o u p l i n g  p o t e n t i a l s  a r e  d e f i n e d
V o i(£ '',K ',k ,J , in ,M " .M ')  = ' ^ " ( l + ( - / )  v'=(Q') U p(r') u ,  ( k ,r ')
\l4n *'
Yj_^(r') e‘ ^2'-l'/2 _ (B.1.2)
Q
( ! + ( - / )  J ^ u J ( k , r )
u'n (r) i  , (B.1.4)
 ^ ■ J  ( Q x r ) p j _ l^ , ,  + U p ( r ) 2 ( Q x K ) j^ _ j ^ j i t  ,
Cmmh = (1 M -M "1 M " I I M )  .
T h u s ,  s u b s t i t u t i n g  f o r  t h e  c o u p l i n g  p o t e n t i a l s  i n t o  (B.1.1),
r  = ^ Z  [ k ^ d k  " (Q '.Q ) ) r ^ r ^ u : ( k . r ) u X k . r ' )
\Z2tt im  •'0 *1 (27t)'^ Ê -E j^ ,,+ ie   ^ ^
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w h ere  U(Q',Q) is  a s  d e f in e d  in  e q u a t io n  (6.3.2). U sing th e  c lo s u re  
r e la t io n  d e f in e d  in  e q u a t io n  (4.3.15) we o b ta in
IS.
w h ere
(B.1.7)
= |^ A ^ _ ^ , ( r , 2 , K ) u Q ( r )  (
-  2 F ( Q ') e " ^ ^ - ^ ^ )
w h ere  th e  fu n c tio n  F(Q') i s  d e f in e d  by
F(Q ') -  ^  j d r 'u ^ ( r ' ) e '^ S '- ^ ' / ^  . (B.1.8)
S u b s t i tu t in g  f o r  th e  fu n c tio n  A ^ _ ^ , in to  (B.1.7) g iv e s
r u . ( r ) u '  (r)d r  O' '  '  r  ( e - a - E / 2 H .e - i a ' . r 7 2
- 2 F ( Q ') e ‘ ^ 2 - ï /^ ) ] ^ _ ^ ^ ,  + 2 H iF (q ,q ',Q ,Q ')(2 x K )M -M ' ■
w h ere  F (q .q ',Q .Q ')  = F (q ) + F (q ')  -  2 F (Q )F (Q ')  .
In  o rd e r  to  do th e  a n g u la r  p a r t  o f  th e  r  in te g r a l ,  we can  r e w r ite ,
r  e ^a-E/2 _ (Z ê  r  )(4m Z j  (q r /2 )  Y (£ )  Y- ( r )  )^ (J (1 j^A ^  i.A 1.A
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"  ( r ) ( - i /  j ^ ( q r / 2 ) Y ^ A ( â ) Y 2 A ( Ê ) )  ■i lh h  '
an d  th e re fo re ,
|& r e " ^ a - £ / 2  = 4„ E r Y^ACâ )
fiLA
= - 4 i i i  Z i * j Ç ^  r  j j ^ ( q r / 2 ) Y ^ ^ ( § )
= - 4 n i  £  r  j^ (q r /2 )  /q  , (B.1.10)
and  h en ce
w here
r® ?G (q) = r  d r u Q ( r ) u 'p ( r )  j ^ ( q r /2 ) /q  . (B.1.12)
In  Appendix  C i t  i s  show n th a t
G(q) = - ^ F ( q )  . (B.1.13)
S u b s t i tu t in g  b ack  in to  e q u a t io n  (B.1.9) we o b ta in
bM_M'(S.2 ') = ’'i[F(q)(exa)M-M' + ]
+ 2 u iF (q .q ',Q ,Q ')(Q x K )j^ _ j,, . (B.1.14)
Now,
2 x£* = g x ( Q - g ')  = Q x ( Q - £  + g )  = - g x £
-1 1 9 -
th u s
b M -M "(2 .Q ')  = 2 n iB j^ _ j^ , ( a .a '.Q .a ')  >
w h ere
(B .1.15)
1 _ -
F (q ,q ')  = F (q ) -  F (q ') (B.1.17)
an d  e q u a t io n  (B.1.6) becom es
dK' U(Q'>Q)
(27t) E-Ej^M+ie
(B.1.18)
B.2 D e riv a tio n  o f  T-sc
The am p litu d e , , i s  d e f in e d  in  e q u a t io n  (6.1.5) as
sc ZM'
dK'
( 2 7 t ) 3 ^ 0 1 Ê ”E „ , ,+iefL
V10 (B.2.1)
w h ere  th e  co u p lin g  p o te n t ia l s  a re  d e fin e d ,
01 -  -  ^  w d u
J ^ U j ( k , r ') Y j A , ( Ê ') A '^ „ _ ^ , ( r ' ,Q ' .K ') e " ^ 2  -  ,
u 'o ( r ’) .
(B.2.2)
(B.2.3)
and
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J4ÎÎ
Y *m (r) e '^ S -E /2  , (B.2.4)
T hus, s u b s t i tu t in g  f o r  th e  c o u p lin g  p o te n t ia l s  in to  (B.2.1),
cs U(Q.Q')i  m •'0 ** (2 tc) E -E j^,,+ ic
u J ( k , r ) Uj ( k . r ') Yj a,(Ê ')
Uo(r)AM_M'^^ >Q »K ) e - i Q . r / 2 ^ - i Q '. r ' / 2 (B.2.5)
an d  u s in g  c lo su re  we o b ta in
sc j2.Tr
dK' U(Q,Q')
(27r)-^ E -E .,n + le
(B.2.6)
w here ,
= j d r u Q ( r ) e
2 tt
= |d r U g ( r ) A '^ _ j^ , ( r ' .Q ',K ')  ( e ^SI-E/2 + g '^ a  • £ /2
-  2 F ( Q ') e " ^ 2 - l /2 ) (B.2.7)
I f  we now com pare e q u a t io n s  (B.1.4) and  (B.2.3) we f in d  t h a t  th e  o n ly  
d if fe re n c e s  b e tw ee n  A ^ _ ^ , an d  A '^ _ ^ , a re  t h a t  r - » r ' ,  Q O ' ,  K -> K \ 
and  th e  seco n d  te rm  ch an g e s  s ig n . So b e a r in g  th e s e  d if f e re n c e s  in  m ind
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th e  a lg e b ra  fo llo w s  th ro u g h  a s  i t  d id  in  Appendix  B .l an d  h en ce ,
= ’' i [ F ( q ) ( 2 'x a ) M - M ' ■ F (q ') (2 'x a ')M _ M ' ]
- 27tiF(q,q',Q,Q')(2'xK')M-M' • (B.2.8)
Now,
Q 'x q ' = g 'x ( Q - g ' )  = Q 'x ( £ - Q ' -  O ') = g 'x £  
th e n
 ^ ~ -27ri B »Q»Q ) » (B.2.9)
w here ,
B'M-M'(3.a'.2.2') = F(q,q',Q.Q')(2 'xK')M_M'
-  § F " (q ,q ') (2 'x a )M _ M ' ’ (^-2-10)
and  e q u a t io n  (B.2.6) becom es
dK ' 'J ^  B'^_ ,^(a.a'.2.Q') •*’ (271) E -E j.,,+ ie
B.3 D e r iv a tio n  o f  T----------------------------------------------------------g g
The am p litu d e , T ^ ^ , i s  d e f in e d  in  e q u a tio n  (6.1.5) a s  
dK ' '
S u b s t i tu t in g  f o r  th e  tw o  c o u p lin g  p o te n t ia l s  from  e q u a t io n s  (B.2.2) an d  
(B .l.3) we o b ta in
7T M'
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E f V d k  ^ ^ ( 2 ^  
'i  m *’0
I ^  j u * ( k . r )  U j  ( k , r ' ) Y * ^ ( r )  Y ^  „ , ( ? ' )  A ^ . j ^ „ ( r , 2 , K )
(B.3.2)
w here
(B.3.3)
and  a re  d e f in e d  in  e q u a t io n s  (B.1.4) an d  (B.2.3) re s p e c ­
t iv e ly . U sing c lo su re , e q u a t io n  (B.3.2) becom es
dK ' '
w here
and
A ( r , r ' ,Q ,2 ')  , (B.3.5)
A ( r ,r ',Q ,Q ')  = e e [ ô ( r - r ' )  + ô ( r + r ')
47E
I f  we s u b s t i tu t e  f o r  A ^ _ ^ ,, an d  we o b ta in  f o u r  te rm s;
(B.3.6)
n (Q ,Q ’) = d i + d., + d ,  + d1 "2  3 4 (B.3.7)
-1 2 3 -
w here ,
d r U o '(r)u Q '(r ') ( 2 x r ) ^ ( 2 'x r ') ^  A ( r , r ' , 2 , 2 ' )
'^2 =
Uo’(r)
É E '— — U g(r') (Q x r )^ (g 'x K ')^  A ( r , r ’,Q ,Q ')
r r U gX r')dg = j d r j ^ ' U g C r )   — (QxK)^(g 'xr' )^  A ( r , r \ g , Q ' )
^4 = UQ(r) U g(r') (Q x K )^ (g 'x K ')^  A ( r , r \ g , g ' )
F o r  co n v en ien ce , we h a v e  d e f in e d  o* = M -  M" , an d  w = M” -M
(B.3.8)
(B.3.9)
(B.3.10)
(B.3.11)
1) E v a lu a tio n  o f d^ :
I f  we s u b s t i tu t e  f o r  A from  (B.3.6) in to  (B.3.8) we s e e  t h a t  we can  s u b ­
d iv id e  d^ in to  th r e e  s e p a r a te  te rm s .
‘^ 1 ■ '*1.1 ‘*1.2 * **1.3
1.1
1.2
1.3
^ ] ^ ( S x r ) ^ ( 2 ' x r ) ^ e  
-  ^ ] ^ ( Q x r ) _ ^ ( Q 'x r ) ^  e '^ 3  •£ /2  ,
1—
Now, r  e - ia -E /2  ,  2- - i a . r / 2  _ th u s
(B.3.12)
(B.3.13)
(B.3.14)
(B.3.15)
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I d  (B.3.16)= -1 6 7 t(2 x V ^ )^ (2 'x a )^  - j ^ s ( q )  .
w here
g (q ) = d r u ’^Cr) 3Q (qr/2) . (B.3.17)
The te rm  d^  ^  ^ in  e q u a t io n  (B.3.16) can  b e  e v a lu a te d  i f  we c o n s id e r  a 
s im ila r  te rm  in v o lv in g  c a r te s ia n  com ponen ts , i an d  1 , o f  th e  tw o  c ro s s  
p ro d u c ts  in s te a d  o f  th e  s p h e r ic a l  com ponen ts , tr an d  w. D efine
4 : l  = -1 6 ti( 2 xV ^ ) .(Q 'x Q )j  ^ ^ g ( q )  • (B.3.18)
U sing th e  r u le
( A x B ) .  = 0..j^A.Bj^ , (B.3.19)
w here  A an d  B a re  any  tw o v e c to r s ,  i ,j ,k  a re  c a r te s ia n  co m ponen ts  t h a t  
ru n  from  1 to  3, an d  we u s e  th e  c o n v e n tio n  o f sum m ing o v e r  r e p e a te d  
in d ic e s . The c o e f f ic ie n t  o b ey s th e  ru le s
""ijk
1 f o r  i , j , k  c y c lic
-1  f o r  i , j , k  n o t  cy c lic  , (B.3.20)
0 f o r  any  tw o e q u a l
® ijk ^ i,m ,n  “ ^ jm ^k n  ^ jn ^k m  * (B.3.21)
T hus,
d l  l  ■ ^ ^ " ^ i j k ^ j ô q j ^ ^ J m n ^ ’m ^ n  qd q ^ ^^ ^
l ^ ’^  ^ i jk  mn Qj ^  m ( ^ k n  ^ '^k '^nqdq^  qdq® ^^^
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U n  [ s .  J Q .g ' -  Qj Q'j + ( Q x a ) i ( e ' x a ) j i g 5 ] 5  ^ g ( q ) .
We m u st now r e v e r t  b a c k  to  s p h e r ic a l  com ponen ts  u s in g  th e  t r a n s f o r ­
m ation
i= l ,2 ,3  , < r= l,0 ,- l  , (B.3.23)
w here
U =
‘_1
'j2 ~ ë
0 0
1 _ i
J2 J2
(B.3.24)
w h ere  U is  a  u n i ta r y  m a tr ix , Uf  -1U , an d  a lso  h a s  th e  p ro p e r ty
Now from  e q u a t io n  (B.3.23) we can  w rite
■^0*0) “ ^(ri j ■^ij ’ (B.3.24)
an d  i f  A . . = 6 . .  th e n  1] 1]
A = U ,U  . = { ~ f u  . U . crw 0*1 wi O'! -w i
The o th e r  te rm s  in  e q u a t io n  (B.3.22) tra n s fo rm  in  a  s t r a ig h tf o r w a r d  
m anner and  h en ce
1.1
w here
16lt[(Qxa)^(2'xa)^ [^i|^j2g(q) + A^_^(2,2')||^g(q)] . (B.3.25)q d q
f - f
-1 2 6 -
A ^ .„ (fl.Q ')  = ( - ) “ s^_ _ ^Q .Q ' -  Q^Q’^  . (B.3.26)
S u b s t i tu t in g  fo r  g(q) from  e q u a t io n  (B.3.17) we o b ta in
g (q ) = % j  r ^ d r  u 'g ( r )  jg ( q r /2 ) /
= ^ H ^ (q ) , (B.3.27)
| | ^ g ( q )  = l ^ r d r u '^ ( r )  j ^ ( q r / 2 ) / q
= -^ H jC q ) . (B.3.28)
T hus, s u b s t i tu t in g  in to  e q u a t io n  (B.3.25)
= - 47rH ^(q ) (Q x £ )^  (Q 'x q )^  + 87rH 2(q )A ^ ^ ^ (g ,g ')  . (B.3.29)
The n e x t te rm  in  (B.3.12) , d^ is  s im ila r  to  d^  ^ b u t  o p p o s ite  in  s ig n  
an d  h a s  £  re p la c e d  by  £*. H ence
d ^_2 = 47tH ^ (q ')  ( 2 x a ') ^ ( Q 'x a ') „  -  8u H 2(q ')A ^_ ^(Q .Q ') (B.3.30)
= -4 n H ^ (q ')  (Q x a )^  (Q 'x a )„  -  Sm H gCq^A ^^^Cg.g') . (B.3.31)
L ook ing  a t  e q u a tio n  (B.3.15) f o r  d . , ,  we se e  t h a t  i t  can  b e  w r i t te n  a s
d i.3  = (Q x Q )^ f(Q ) ( 2 'x S ') „ f ( Q ')
w here  f  is  some fu n c tio n . H ence,
‘*1.3 = °
T hus c o lle c tin g  th e  te rm s  we o b ta in
-1 2 7 -
= -4 7 iH ^(q ,q ')  [ (Q x £ )^  (Q ’x £ )^  + 8ti H ^Cq.q') ,Q ')  (B.3.32)
w h ere , H ^ (q ,q ')  = H (q) ± H (q ')
2) E v a lu a tio n  o f d^ :
I f  we s u b s t i tu t e  f o r  A from  (B.3.6) in to  (B.3.9) we s e e  t h a t  d^ can  a lso  
be  s u b d iv id e d  in to  th r e e  te rm s ,
^2 ^2.1 *^2.2 "^2.3 ’ (B.3.33)
d ,  = ^ _ ia .r /2  (B.3.34)
<*2.3 = ° •
C o llec tin g  th e  te rm s .
(B.3.35)
^2.2 = - I
^ 2 . 3 = À j ^ ^ ^ ^ ( 2 x £ ) . ( Q ' x K ' ) „ e - * 2 - ^ / ^
From  e q u a tio n s  (B .l.11-13) we can  w rite
‘*2.1 " | ( 2 > ^ a y 2 'x K ') „ F ( q )  . (B.3.37)
S im ila rly ,
‘*2.2 = | ( Q x a 'y Q 'x K ') „ F ( q ')  .
= f (Q x a )„ .(Q 'x K ') „ F (q ')  . (B.3.38)
Fo llow ing  th e  sam e re a s o n in g  as  f o r  d^ ^ we se e  t h a t
-1 2 8 -
d j = | F  ( q ,q ' ) ( Q x a y 2 'x K ') „  • (B.3.39)
3) E v a lu a tio n  o f  :
Fo llow ing  th e  sam e s te p s  a s  f o r  d^ we o b ta in
d j  = - | F ‘ (q ,q ') (Q x K )^ (Q 'x a )„  . (B.3.40)
4) E v a lu a tio n  o f  d .  :4
S u b s t i tu t in g  from  e q u a t io n  (B.3.6) in to  (B.3.11) we o b ta in
<*4 = <*4.1 * ‘*4.2 + ^4.3 ' (G.3.41)
^4.1 = % (Q '< K )^ (2 'x K ')^ jd ru 2 e -* a .r /2
= I tF (q )(Q x K ) (Q 'x K ')  . (B.3.42)
= iF (q ') (2 x K )_ ^ (Q 'x K ')^  , (B.3.43)
d ^_3 = 2 i tF ( Q ) F ( Q ') ( Q x K y 2 'x K ') „  • (B.3.44)
H ence,
= 7rF (q ,q ',Q ,Q ') (Q x K )^ (Q 'x K ')^  . (B.3.45)
Now th a t  a l l  th e  te rm s  h a v e  b een  fo u n d , we s u b s t i t u t e  b a c k  in to  e q u a ­
t io n  (B.3.7) from  (B.3.32, 39, 40, 45) ;
' (B.3.46)
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Dw M' M"(a.a'.a.a') = F(q,q',Q.Q')(2xKL(fi'xK'),
4 F ‘(q.q') [ (2X3)^ (2'XK')„ - (QxK) (^Q'xa')„]
w- 4 H ^ ( q ,q ') ( 2 x a ) ^ ( Q 'x a ) ^
+ 8Hg(q,q')A_^ ^ ( 2 . 2 ' )  • (B.3.47)
F in a lly , s u b s t i tu t in g  b a c k  in to  e q u a t io n  (B.3.4), 
dK ' '
B.4 D e r iv a tio n  o f
The am p litu d e  d u e  to  s in g le t  b re a k u p  is
r® 9 r ^ "  cAT^tn(PW ) = Z k ^ d k  ------ .V® (K ’,K " ,k ,J ,m ,M ')
Jm  JQ J (2)1 r
E -E j^n+ ie
V ® |j(K ,K ",k ,J ,m,M) , (B.4.1)
w h ere  th e  c o u p lin g  p o te n t ia l s  a re  d e f in e d  in  e q u a t io n s  (7.2.8) an d  
(7.2.10). I f  we s u b s t i tu t e  f o r  th e s e  p o te n t ia l s  in to  (B.4.1) we can  u se  
th e  c lo su re  r e la t io n ,
Z J k ^ d k ( l - ( - ) -^ )U j (k p b )Y j^ (r )U j (K ^ r ‘' ) Y j ^ ( f ' )
J m ‘’0
= ô ( r - r ' )  -  ô ( r + r ')  . (B.4.2)
Thus,
-1 3 0 -
AT<g2)(,(PW) = "(271 ) E -E ^ u + ie  
w here ,
d 'M .M '(2 '2 ') = j d r j É E '  A ^ (r .Q .K )  A '_ ^ , ( r ' , 2 ' ,K ') A '( r , r ' , 2 , Q ' ), (B.4.4) 
A " ( r , r ' . 2 . 2 ')  = e " ^ 2 -£ /2 e - l2 '-E '/2  [ g ( r _ r t )  _ s ( r + r ' ) ]  . (B.4.5)
The fu n c tio n s  an d  A '_^, w ere  d e f in e d  in  e q u a t io n s  (B.1.4) an d  
(B.2.3).
I f  we com pare e q u a t io n  (B.4.4) w ith  th e  c o r re s p o n d in g  e q u a t io n  f o r  th e  
t r i p l e t  case , (B.3.5), we f in d  t h a t  th e  on ly  d if fe re n c e  is  b e tw een  th e  
fu n c tio n s  A and  A . T hus th e  d e r iv a t io n  o f  d '^  fo llo w s  th ro u g h  in  
e x a c tly  th e  sam e w ay a s  d ^  in  e q u a tio n  (B.3.7) th e  l a s t  s e c tio n
b e a r in g  in  m ind th e  d i f f e r e n t  c lo s u re  r e la t io n  r e s u l t s  o f th e  tw o  c a se s . 
I f  e q u a t io n  (B.4.4) i s  s u b d iv id e d  in to  fo u r  te rm s ,
+ =*'2 " ‘*'3 + ‘*'4 ' (B.4.6)
th e  e q u iv a le n t  e q u a t io n s  to  (B.3.32), (B.3.39), (B,3,40) an d  (B.3.45) a re , 
= -4 n H ‘ ( q .q ') ( 2 x a ) ^ ( 2 'x a ) _ ^ ,
+ 8 i tH 2 ( q ,q ') A ^ ,^ ,( 2 ,2 ')  - (B.4.7)
 ^ -M' ’ (B.4.8)
d '2 = |F * ( q .q ') ( 2 x a ) M ( 2 'x K ') . j4 ,  . (B.4.9)
d '3 = - |F ^ q ,q ') ( 2 x K ) M ( f i 'x a ) .M .  • (B.4.10)
d '4 = n F lq .q ') ( 2 x K ) ^ ( 2 'x K ') _ M ' • (B.4.11)
-1 3 1 -
S u b s t i tu t in g  b a c k  in to  e q u a t io n  (B.4.3) we o b ta in
,M’ r dK "
(2 tt) E-Ejç.,,+ie
w h ere  we h a v e  d e f in e d
D 'M ,M '(a .a '.Q .Q ')  = F '(q .q ') (Q x K )^ (Q 'x K ')_ M .
+ iF " ( q .q ')  [ (Q x a )^ (2 'x K ')_ M . -  (f ix K )M (2 'x a ')_ M ']  
-4 H"(q,q') (Qxa)  ^(2'xa)_ .^
+ 8 H 2 (q .q ')A j^ ,^ ,(Q .Q ')  . (B.4.13)
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APPENDIX C
ANALYTIC FORM OF VARIOUS FUNCTIONS
Many o f th e  fu n c tio n s  d e f in e d  in  c h a p te r s  4, 6 a n d  7 w ere  in  th e  
fo rm  o f in te g r a ls  w hose in te g ra n d s  c o n ta in e d  th e  d e u te ro n  w av e fu n c - 
t io n , i t s  d e r iv a t iv e  an d  a  s p h e r ic a l  B esse l fu n c tio n  in  v a r io u s  com bi­
n a t io n s .  T hese  in te g r a ls  w ere  c a lc u la te d  n u m e ric a lly  to  h ig h  accu racy . 
H ow ever, a s  a  ch eck , m any c o u ld  a lso  be  done a n a ly tic a lly .  In  th i s  
a p p e n d ix  we w ill m en tio n  som e o f  th e s e  a n a ly tic a l  r e s u l t s .
The d e u te ro n  w a v e fu n c tio n  u s e d  in  th e  c a lc u la t io n s  w as b a se d  on
5 2th e  p a ra m e tr is a t io n  o f  th e  P a r is  n u c le o n -n u c le o n  in te r a c t io n .  The 
S-w ave p a r t  o f th e  w a v e fu n c tio n  in v o lv e s  th e  sum  o f  Y ukaw a ty p e  
te rm s ,
-m . r
u  ( r )  = ZC. e / r  , ZC. = 0 , i  = l ,2 , . . . ,1 3  . (C .l)u i 1 ^ 1
T hus, th e  fu n c tio n s ,  F(q), G(q), H^(q) an d  H2(q) d e f in e d  in  e q u a tio n s  
(4.3.19), (B.1.12), (6.3.11) an d  (6.3.13) r e s p e c t iv e ly  can  b e  w o rk ed  o u t to  
g iv e  th e  fo llo w in g  a n a ly t ic a l  r e s u l t s :
F (q ) = r ^ d r  UQ(r) jQ (q r/2 ) = ^  Z C^C^ ta n " ^  ^  , (C.2)
( w h ere  x = q /2  , M = m^ + m^ ) ,
2^ r  d r  U g(r) u '^ ( r )  j^ (q r /2 )  / qG(q) =
= ^  = - |F ( q )  . (C.3)
IJ
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du.
( w h ere , ^ '^ ( r )  = ) ,
r ^ d r u ’^ Cr) j 2 ( q r / 2 ) / q ^  = g (q ) , (C.4)
HgCq) = r d r u ’^ Cr) j ^ ( q r / 2 ) / q  = " 2 ^  g (q ) , (C.5)
g(q)=  d ru '^ C r)  jQ (q r/2 ) (C.6)
5 2 1 3 3= - ^  SC .m . . S C .m . S C. C. (m: + m .)  T., (m. ,m .,x ) j j j  i j  J J - L i j
+ ^  % C^Cj T2 (m ^,m j,x) ta n   ^ ^  , (C.7)
T^(m^,m^,x) = log^  [ (m^ + -  x^ , (C.8)
T2 (m^,m j,x) = + 6(m?+m?)x^ -  3(m ?-m j )^ ] . (C.9)
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